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Common subbundles and intersections of divisors 

N. P. Strickland 

Abstract Let Vb and Vi be complex vector bundles over a space X. 

Wc use the theory of divisors on formal groups to give obstructions in 
generalised cohomology that vanish when Vq and V\ can be embedded in a 
bundle U in such a way that Vq fl Vi has dimension at least k everywhere. 
We study various algebraic universal examples related to this question, and 
show that they arise from the generalised cohomology of corresponding 
topological universal examples. This extends and reinterprets earlier work 
on degeneracy classes in ordinary cohomology or intersection theory. 
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1 Introduction 

There arc a number of different motivations for the theory developed here, but 
perhaps the most obvious is as follows. Suppose we have a space X with vector 
bundles Vq and V\ . (Throughout this paper, the term "vector space" refers to 
finite-dimensional complex vector spaces equipped with Hermitian inner prod- 
ucts, and similarly for "vector bundle".) We define the intersection index of Vq 
and Vi to be the largest k such that Vq and Vi can be embedded isometrically 
in some bundle U in such a way that dim(Vba; n Vix) > A; for all x € X. We 
write int(Vb, Vi) for this intersection index. Our aim is to use invariants from 
generalised cohomology theory to estimate int(Vo,yi), and to investigate the 
topology of certain universal examples related to this question. 

We will show in Proposition 5.3 that int(Vo, Vi) is also the largest k such that 
there is a linear map Vq — > Vi of rank at least k everywhere. This creates a 
link with the theory of degeneracy loci and the corresponding classes in the 
cohomology of manifolds or Chow rings of varieties, which are given by the 
determinantal formula of Thoni and Porteous. The paper [9] by Pragacz is a 
convenient reference for comparison with the present work. The relevant theory 
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is based strongly on Schubert calculus, and could presumably be transferred 
to complex cobordism (and thus to other complex-orientable theories) by the 
methods of Bressler and Evens [1]. 

However, our approach will be different in a number of ways. Firstly, we use 
the language of formal groups, as discussed in [10] (for example). We fix an 
even periodic cohomology theory E with a complex orientation x G E^CP°° . 
For any space X we have a formal scheme Xe = spf (£^°X) , the basic examples 
being S := (point)^; and G := CP'^ = spf(£''^|x]) , which is a formal group 
over S . If y is a complex vector bundle over X , we write PV for the associated 
bundle of projective spaces. It is standard that E^{PV) = E^{X)lxl/ fv{x) , 
where fv{x) = Yli+j=dim(y) ^ where Ci is the z'th Chern class oi V . In 
geometric terms, this means that the formal scheme D{V) := {PV)e is natu- 
rally embedded as a divisor in G X5 Xe- Most of our algebraic constructions 
will have a very natural interpretation in terms of such divisors. We will also 
consider the bundle U{V) = LJa;ex^(^) unitary groups associated to V. 
A key point is that E*U{V) is the exterior algebra over E*X generated by 
E*~^PV . This provides a very natural link with exterior algebra, and could 
be regarded as the "real reason" for the appearance of determinantal formulae, 
which seem rather accidental in other approaches. Our divisorial approach also 
leads to descriptions of various cohomology rings that are manifestly indepen- 
dent of the choice of complex orientation, and depend functorially on G. This 
functorality implicitly encodes the action of stable cohomology operations and 
thus gives a tighter link with the underlying homotopy theory. 

We were also influenced by work of Kitchloo [5], in which he investigates the 
cohomological effect of Miller's stable splitting of U{n) , and draws a link with 
the theory of Schur functions. 

In Section 3 we use the theory of Fitting ideals to define an intersection index 
int(Do)^i)) where Dq and Di are divisors on G. In Section 4 wc identify 
E*U{V) with the exterior algebra generated by E*^^PV, and show that this 
identification is an isomorphism of Hopf algebras. In Section 5 we use this to 
prove our first main theorem, that int(Vb, Vi) < int(£)(Vb), D{Vi)); this implic- 
itly gives all the relations among Chern classes that are universally satisfied 
when int(Vo, Vi) > k for some given integer k. Next, in Section 6 we study the 
universal examples of our various algebraic questions, focusing on the scheme 
liLtr{do, di) which classifies pairs {Dq, Di) of divisors of degrees do and di such 
that mt{DQ, Di) > k. Our next task is to construct spaces whose associated 
schemes are these algebraic universal examples. In Section 7 we warm up by 
giving a divisorial account of the generalised cohomology of Grassmannians and 
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flag spaces, and then in Section 8 we show that the space 

l',{do,di) := {{Vo,Vi)e Gd„{C^) x Gd,(C°^) | dim(yonyi) > k} 

satisfies I[.{dQ,di)£ = Int,,.(do, di) . (Tlic origin of the present worlc is tiiat the 
author needed to compute the cohomology of certain spaces similar to I^ido, di) 
as input to another project; it would take us too far afield to discuss the back- 
ground.) This completes the main work of the paper, but we have added three 
more sections exploring the isomorphism E*U{V) ~ X* E*^^ PV in more detail. 
Section 9 treats some purely algebraic questions related to this situation, and 
in Sections 10 and 11 we translate all the algebra into homotopy theory. In 
particular, this gives a divisorial interpretation of the work of Mitchell, Richter 
and others on filtrations of QU{n): the scheme associated to the fe'th stage in 
the filtration of i),xU{V) is D{V)'' /T.^, and the scheme associated to 0,xU{V) 
is the free formal group over Xe generated by D{V). 

Appendix A gives a brief treatment of the functional calculus for normal oper- 
ators, which is used in a number of places in the text. 

Remark 1.1 There is a theory of degeneracy loci for morphisms with sym- 
metries, where the formulae involve Pfaffians instead of determinants. It would 
clearly be a natural project to reexamine this theory from the point of view of 
the present paper, but so far we have nothing to say about this. 



2 Notation and conventions 
2.1 Spheres 

We take M" U {oo} as our definition of 5", with oo as the basepoint; we 
distinguish from the homeomorphic space C/(l) := {z e C \ \z\ = 1}. 
Where necessary, we use the homeomorphism 7: U{1) ^ given by 

j{z) = {z + i){z-iy'/i 

7-\t) = {it + l)/{it-l). 

One checks that 7(6*^) = cot(— ^/2), which is a strictly increasing function of 
e fov 0<e < 2tt. 
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2.2 Fibrewise spaces 

We will use various elementary concepts from fibrewise topology; the book of 
Crabb and James [3] is a convenient reference. Very few topological technicali- 
ties arise, as our fibrewise spaces are all fibre bundles, and the fibres are usually 
finite complexes. 

In particular, given spaces U and V over a space X , we write U XxV for the 
fibre product, and U'^ for the fibre power U Xx ■ ■ ■ Xx U . If U is pointed (in 
other words, it has a specified section s: X — > [/) and E is any cohomology 
theory we write E'^U = E*{U,sX). We also write TixU for the fibrewise 
suspension of U , which is the quotient of x U in which {oo} x U U x sX 
is collapsed to a copy of X. This satisfies E*xT.xU = E*x^U . Wc also write 
^xU for the fibrewise loop space of U , which is the space of maps uj: U 
such that the composite ^ U ^ X is constant and a;(oo) G sX . If V 
is another pointed space over X , we write U Ax V for the fibrewise smash 
product. If W is an unpointed space over X then we write W^x = W IL X , 
which is a pointed space over X in an obvious way. 

2.3 Tensor products over schemes 

If T is a scheme and M, N are modules over the ring Ot , we will write M®tN 
for M ®ci^ N . Similarly, we write A|,M for A^^M, the fc'th exterior power of 
M over Ot- 

2.4 Free modules 

Given a ring R and a set T, we write R{T} for the free i?-module generated 
by T. 

3 Intersections of divisors 

Let G be a commutative, one-dimensional formal group over a scheme S. 
Choose a coordinate x so that Oq = Os\x\. Let Dq and Di be divisors 
on G defined over S, with degrees do and di respectively. This means that 
= Oq,/ fi = Os\x\/ fi{x) for some monic polynomial fi{x) of degree di 
such that fi{x) = x'^' modulo nilpotents. It follows that Od- is a free module 
of rank di over Os, with basis {x^ | < j < di} . 
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As Do and Di are closed subschemes of G we can form their intersection, so 
that 

OdoHD, = Og/(/o,/i) = OsH/(/o(x),/i(x)). 

Typically this will not be a projective module over Os, so some thought is 
required to give a useful notion of its size. We will use a measure coming from 
the theory of Fitting ideals, which we now recall briefly. 

Let R he a commutative Noetherian ring, and let M be a finitely generated 
i?-module. We can then find a presentation Pi Pq M, where Pq 
and Pi are finitely generated projective modules of ranks po and pi say, and 
M = cok{(f)i) . The exterior powers X^Pi are again finitely generated projective 
modules. We define Ij{(pi) to be the smallest ideal in R modulo which we 
have A-'(^i) = 0. More concretely, if Pq and Pi are free then (pi can be 
represented by a matrix A and is generated by the determinants of all 

j X j submatrices of A. We then define Ij{M) = /p„_j(0i); this is called the 
j'th Fitting ideal of M . It is a fundamental fact that this is well-defined; this 
was already known to Fitting (see [8, Chapter 3], for example), but we give a 
proof for the convenience of the reader. 

Proposition 3.1 The ideal Ij{M) is independent of the choice of presentation 
of M. 

Proof We temporarily write Ij{M,P^,(f)^) for the ideal called Ij{M) above. 
Put N = kev{(j)o) and let /3: N ^ Pq be the inclusion. Then (f)i factors as 

a 

Pi N ^ Pq, where a is surjective. For any ideal J < R we see that 
X^a is surjective mod J, so A'^^i is zero mod J iff X''i3 is zero mod J . This 
condition depends only on the map • Po^M,sowe can legitimately define 
Ij{M,Po,cl)o) :=Ij{M,P^,<j)^). 

Now suppose we have another presentation Qi Qq M , where Qi has 
rank qi . Define xo ^ Po © <5o — ^ by {u, v) i— > <j)Q{u) + ipo{v) . It will suflace to 
prove that 

IjiM, Po,(j)o) = Ij{M, Po © Qo, xo) = Ij{M, Qo,^o), 

and by symmetry we need only check the first of these. By projectivity we can 
choose a map 9: Qo Po with (pod = ipo , and define xi- Pi©Qo ~* Po©Qo by 
{u, v) I— {(f)i{u)—9{v), v) . It is easy to check that this gives another presentation 

Pi © Qo ^ ^0 © Qo ^ M. 
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If k < qo then A'^xi is certainly nonzero, because the composite 

A*=Qo A'=(Pi e go) ^ A*^(Po e Qo) -> A*=Qo 

is the identity, and A'^'Qo / 0. If A; > go and A'^xi = then (by restricting to 
Xk-qop^ (g) XioQo) we see that A*^-«Vi = 0. 

For the converse, notice that X*N is a graded ring for any module N, and that 

\*a is a ring map for any homomorphism a of i?-modules. One can check that 
\i+iQ(^p^ ig contained in the ideal in A* (Pi © Qo) generated by A''' Pi. It 
follows that if A^V)i = then A^+'^Oxi = 0. 

This shows that /r(^i) = Ir+qoixi) ) and thus that Ir{M, Pq, 0o) = Ir{M, Pq © 
Qo;Xo)) as required. □ 

It is clear that 

/o(M) <...<Im{M) = R, 

and we define 

rank(M) = ranki?(M) = min{r | /^(M) / 0}. 

Wc call rank(M) the Fitting rank of M . For example, if R is a principal ideal 
domain with fraction field K , one can check that rank(M) = dimx (K^rM) for 
all M. However, we will mostly be interested in rings R with many nilpotents, 
for which there is no such simple formula. 

The following lemma is easily checked from the definitions. 

Lemma 3.2 (a) The Fitting rank is the same as the ordinary rank for pro- 
jective modules. 

(b) If N is a quotient of M then rank(A/") < rank(M) . 

(c) If there is a presentation P ^ Q ^ M then rank((5) — rank(P) < 
rank(M) < rank((5) . □ 

(It is not true, however, that rank(M Q) N) = rank(M) + rank(Af ) ; indeed, if 
a 7^ and = then rank(P/a) = but rank(P/a © R/a) = 1.) 

Definition 3.3 The intersection multiplicity of Dq and Di is the integer 

int(L»o,-Di) := rankos(C'Doni3l)• 
We also put 

lntr{Do,Di) = spec{Os/Ir-i{OD,nD,)), 
which is the largest subscheme of S over which we have mt(DQ, Di) > r. 
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Remark 3.4 Let S' be a scheme over S, so that G' := G x s S' is a formal 
group over S' . We refer to divisors on G' as divisors on G over S' . Given two 
such divisors Dq and Di, we get a closed subscheme Intr(-Do)^i) ^ -S"- We 
will use this kind of base-change construction throughout the paper without 
explicit comment. 

To make the above definitions more explicit, we will describe several different 
presentations of OdoHDi that can be used to determine its rank. 

Construction 3.5 First, recall that we can form the divisor 

Do + Di = spec(OG//o/i) = spec(05H//o(x)/i(x)). 

This contains Dq and Di , so we have a pullback square of closed inchisions as 
shown on the left below. This gives a pushout square of C?5-algebras as shown 
on the right. 

Dq n Di ) > Dq OdoDDi « Odo 



Do + Di 



Odo+Di, 



which gives a presentation 

Odo+Di — *■ Odo © — >■ OdoHDi ■ 
Explicitly, this is just the presentation 



given by 



Og/(/o/i) ^ Og/Io © Og/Ii a Og/Uo, fi) 

(f>{g mod /o/i) = {g mod /o, -g mod /i) 
ipigo mod fo,gi mod /i) = go + gi mod (/o, /i). 



Although this is probably the most natural presentation, it is not easy to write 
down the effect of 4> on the obvious bases of Og/(/o/i) and Og/ fi ■ To remedy 
this, we give an alternate presentation. 

Construction 3.6 Let Jj be the ideal generated by fi and put J = JqJi- 
Then Jj/J is free over Os with basis {x^ fi(x) | < j < di-i} and the inclusion 
maps Ji — Og give rise to a presentation 

Jo/ J © Ji/J ^ Og/J = Odo+d, ^ Og/{Jo + Ji) = Odohd^. 
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Let 



be the coefficient of ^ in fi{x), so that Cjo = 1 and fi{x) = 
^ Then 



do+3 

C,{x^ fo{x),Qi) = ^ co^do+j-kx'' for < < di 

k=j 

di+j 

C(0, x^fiix)) = ci^di+j-kx^ for < j < do, 

k=j 

and this tells us the matrix for C, in terms of the obvious bases of Jq/ J i 
and OiqI J . For example, if do = 2 and di = 3 the matrix is 



/ C02 
COI C02 
1 



V 






COI C02 

1 COI 

1 



C13 \ 

Cl2 Ci3 

Cll Ci2 

1 Cll 

1 / 



In general, we have a square matrix with do + di rows and columns. The left 
hand block consists of di columns, each of which contains di — 1 zeros. The right 
hand block consists of do columns, each of which contains do — 1 zeros. Clearly 
Intr (I?o , ^1 ) is the closed subscheme defined by the vanishing of the minors of 
this matrix of size do + di — r + 1 . In particular, Inti(Do, ^i) is defined by the 
vanishing of the determinant of the whole matrix, which is classically known as 
the resultant of /o and /i. If fo{x) = Yli{x — Oj) and fi{x) = Ylj{x — bj) then 



the resultant is just Hj 
the other minors. 



bj). We do not know of any similar formula for 



Construction 3.7 For a smaller but less symmetrical presentation, we can 
just use the sequence Ji/J — Og/Jq OgI{Jq + J\) induced by the inclusion 
of Ji in Oq. This is isomorphic to the presentation Oq/Jq Oq/Jq — > 
C^c/iJo + Ji), where fJ,i{g) = fig. However, the isomorphism depends on 
a choice of coordinate on G (because the element /i does), so the previous 
presentation is sometimes preferable. There is of course a similar presentation 
Og/Ji Og/Ji ^ Jo + Ji) . 



Finally, we give a presentation that depends only on the formal Laurent series 
/o / /i and thus makes direct contact with the classical Thom-Porteous formula. 

Construction 3.8 Write Mg = Ri{x)) = Og[x-^]. Note that fi{x)/x'^^ is a 
polynomial in x~^ whose constant term is 1 and whose other coefficients are 
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nilpotent, so it is a unit in R[x It follows that /i is a unit in R{{x)). Put 
Q = x-'^Rlx-^] C R{{x)), so that R{{x)) = Rlxj Q. Multiplication by the 
series x'^^fo/fi induces a map 

p RM 4> p R{{x)) 



We claim that the cokernel of is isomorphic to i?|x|/(/o, /i) = Odq^Dx, so 
we have yet another presentation of this ring. Indeed, the cokernel of is 
clearly given by R{{x)) / {x"^'^ fof^'^ R[x\ +Q). The element fi/x'^^ is 

invertible in so it is invertible in R{{x]) and satisfies {fi/x'^^)Q = Q. 

Thus, multiplication by this element gives an isomorphism 

R{{x)) Riix)) 



X' 



^^fof^'Rlx] + x'^^Rlxj + Q foRM + fiRM + Q ■ 



As Riix)) = RlxJ © Q, we see that the right hand side is just (/o, /i) as 

claimed. 

The elements {l,x, . . . ,x'^^^^} give a basis for both Pq and Pi , and the matrix 
elements of (j) with respect to these bases are just the coefficients of /o//i 
(suitably indexed). More precisely, we have 

f^/f,=^do-d,J2ciX-\ 

where cq = 1 and q is nilpotent for i > 0. We take q = for i < by 
convention. The matrix elements $ij of (p are then given by = c^o+i-j for 
< i, j < di. For example, if do = 3 and di = 5 then the matrix is 

/ C3 C4 C5 Cq C7 \ 

C2 C3 C4 C5 C6 

$ = Ci C2 C3 C4 C5 

1 Ci C2 C3 C4 

\ 1 Ci C2 C3 / 

Now suppose that our divisors Di arise in the usual way from vector bundles Vi 
over a stably complex manifold X , and we have a generic linear map g: Vq ^ 
Vi. Let Zr be the locus where the rank of g is at most r, and let i: Z^. X 
be the inclusion. Generically, this will be a smooth stably complex submanifold 
of X, so we have a class Zr = i*[Zr\ G E^X . The Thom-Porteous formula says 
that Zr = deii^r)^ where is the square block of size d\ — r taken from the 
bottom left of More explicitly, the matrix elements arc i'^ = Cdf^-k+i-j 
for < i,i < di- r. Clearly det(^',.) G h.-M) = ^r(OA.nDi)- If Z,. 
is empty then = 0. On the other hand. Proposition 5.3 will tell us that 
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mt{Do, Di) > r and so Ir{ODonDi) = 0, so det(*r) = 0; which is consistent 
with the Thom-Porteous formula. It is doubtless possible to prove the formula 
using the methods of this paper, but we have not yet done so. 

Proposition 3.9 We always have int{Do,Di) < m.m{do,di) (unless the base 
scheme S is empty). If int(Do) -^i) = do then Dq< Di, and if int(Do, Di) = c?i 
then Di<Dq. 

Proof The presentation Od^ ^ Od^ — ODonDi shows that 

int(Do,-Di) = rank(C'DonZ)i) < rank(C'Dj = di. 

If this is actually an equality we must have A'^i-'^i+^(Aio) = or in other words 
/xo = 0, so /o = (mod /i), so Di < Dq. The remaining claims follow by 
symmetry. □ 

Proposition 3.10 If there is a divisor D of degree k such that D < Dq and 
D<Di, then mt{Do,Di) > k. 



Proof Clearly Od is a quotient of the ring OdohDi , and it is free of rank k, 
so int(Do,-Di) = rank(C'£)(jnDi) > k. □ 

Definition 3.11 Given two divisors Do,Di, we write Suhr{Do,Di) for the 

scheme of divisors D of degree r such that D < Dq and D < Di. The 
proposition shows that the projection tt: Subr(-Do) -Ci) — >■ S factors through 
the closed subscheme Intr(-Do, i^i) . 

Remark 3.12 Proposition 3.9 implies that Intj„(_Do; -^i) is just the largest 
closed subscheme of S over which we have Dq < D\ . Prom this it is easy to 
see that S\xhdQ{DQ, Di) = lntdo{Do,Di). 

It is natural to expect that the map tt: Subr(Do5^i) ^ntr{DQ,Di) should 
be surjective in some suitable sense. Unfortunately this does not work as well 
as one might hope: the map vr is not faithfully flat or even dominant, so the 
corresponding ring map tt* need not be injective. However, it is injective in a 
certain universal case, as we shall show in Section 6. 

We conclude this section with an example where tt* is not injective. Let G 

be the additive formal group over the scheme S = spcc(Z[a]/a^) . Let Dq 
and Di be the divisors with equations — a and x^, respectively. Then 
OdoHDi = Os[x\/ {x^ — a,x^) = Os[x\/ (a, x^) , which is the cokernel of the map 
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/x: Os[x]/x^ — > Os[x]/x^ given by fi{t) = at. The matrix of /x is 

which is clearly nonzero, but A2(//) = = 0. It follows that int(£>o,-Di) = 1, 
so Inti{Do, Di) = S. However, Subi(Z)o5 -Di) is just the scheme Dq D Di = 
spec{Os[x]/ {a, x"^)) , so 7r*(a) = 0. 

For a topological interpretation, let Vq be the tautological bundle over HP^ = 

S'^ , and let Vi be the trivial rank two complex bundle. If wc use the cohomology 
theory E*Y = {H*Y)[u,u~^ (with \u\ = 2) and let a be the second Chern 
class of Vq we find that E^X = Z[a]/o^ , and the equations of -D(Vo) and D{Vi) 
are x'^ — a and x^. Using the theory to be developed in Section 5 and the 
calculations of the previous paragraph, we deduce that Vq and Vi cannot have 
a common subbundle of rank one, but there is no cohomological obstruction 
to finding a map /: Vq Vi with rank at least 1 everywhere. To see that 
such a map does in fact exist, choose a subspace < which is a complex 
vector space of dimension 2 , hnt not an H-submodulc. Wc can then take the 
constant bundle with fibre H'^/iy as a model for Vi. The bundle Vq is by 
definition a subbundle of the constant bundle with fibre H^, so there is an 
evident projection map /: Vq — Vi. As W is not an H-submodule, we see 
that / is nowhere zero and thus has rank at least one everywhere, as claimed. 



4 Unitary bundles 

In order to compare the constructions of the previous section with phenomena 
in topology, we need a topological interpretation of the exterior powers X^Od 
when D is the divisor associated to a vector bundle. 

Let y be a complex vector bundle of dimension d over a space X. We can 
thus form a bundle U{V) of unitary groups in the evident way (so U{V) = 
{ix,g) I X £ X and g € U{Vx)}). The key point is that E*U{V) can be 
naturally identified with A^«j(^-E*~^-PV^ (the exterior algebra over the ring E*X 
generated by the module E*PV). Moreover, we can use the group structure 
on U{V) to make E*U{V) into a Hopf algebra over E*X , and we can make 
X'^tj^E*^^ PV into a Hopf algebra by declaring E*PV to be primitive. We 
will need to know that our isomorphism respects these structures. All this is of 
course well-known when X is a point and E represents ordinary cohomology. 
Kitchloo [5] has shown that if one chooses the right proof then the restriction 
on E can be removed. With just a few more words, we will be able to remove 
the restriction on X as well. 
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We start by comparing U {V) with a suitable classifying space. First let F be a 
vector space rather than a bundle. We let EU{V) denote the geometric realisa- 
tion of the simplicial space {U{V)''+^}n>o and we put BU{V) = EU{V)/U{V), 
which is the usual simplicial model for the classifying space of U{V). There 
is a well-known map rj: U{V) — Q,BU{V), which is a weak equivalence of 
iJ-spaces. By adjunction we have a map ( : TtU {V) — BU {V) , which gives a 
map 

C*: E*BU{V) E*T.UiV) = E*-'^U{V). 
The fact that t] is an H-map means that ( is primitive, or in other words that 

C o ^ = C o (vro + ^i) G m{Vf, BU{V)]. 

We can also construct a tautological bundle T = EU (V) Xu^y^ V over BU (V) . 

Wc now revert to the case where is a vector bundle over a space X , and 
perform all the above constructions fibrewise. Firstly, we construct the bundle 
BU{V) = {{x,e) \ xeX andee BU{V^)}. Note that each space BU{V^) has 
a canonical basepoint, and using these we get an inclusion X BU{V) . 

A slightly surprising point is that there is a canonical homotopy equivalence 
BU (V) X X BU (d) . Indeed, we can certainly perform the definition of 
T fibrewise to get a tautological bundle over BU {V) , which is classified by a 
map q: BU{V) — ^ BU{d), which is unique up to homotopy. We can combine 
this with the projection p: BU{V) X to get a map / = {p,q): BU{V) — > 
X X BU{d) . The map p is a fibre bundle projection, and the restriction of 
q to each fibre of p is easily seen to be an equivalence. It is now an easy 
exercise with the homotopy long exact sequence of p to see that / is a weak 
equivalence. (Nothing untoward happens with ttq and tti because BU{d) is 
simply connected.) 

Remark 4.1 Let qo: X ^ BU{d) be the restriction of q. Then go classifies 

the bundle T|x — so in general it will be an essential map. Thus, if we just 
use the basepoint of BU{d) to make X x BU{d) into a based space over X, 
then our equivalence /: BU{V) ~ X x BU{d) does not preserve basepoints, 
and cannot be deformed to do so. If it did preserve basepoints we could apply 
the fibrewise loop functor Q,x and deduce that U {V) X x U{d), but this is 
false in general. 

It follows from the above that E*BU{V) is a formal power series algebra over 

E*X, generated by the Chern classes of T. It will be convenient for us to 
modify this description slightly by considering the virtual bundle T —V (where 
V is implicitly pulled back to BU{V) by the map p: BU{V) — > X). We 
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have frit) = Ylk=o '^f^^ ^ fv{t) = i'^Ylk=o^kt ^ for some coefficients 
ak G E^BU{V) and G E^X so fr-vit) = Mt)/fv{t) = Efc>oCfci-' for 
some Cfc G E^BU{V) . For k < d we have = a/j (mod bi,...,b(i) and it 
follows easily that 

£;*Bc/(y) = (£;*x)[ci,...,cdl. 

Note that the restriction of T — V to X C BU{V) is trivial, so the classes 
restrict to zero on X . 

Next, consider the fibrewise suspension TtxUCV) . By dividing each fibre into 
two cones we obtain a decomposition HxUiV) = CqUCi where the inclusion of 
X in each Ci is a homotopy equivalence, and Co n Ci = ?7 {V) . Using a Mayer- 
Vietoris sequence we deduce that E*xT,xU{V) ~ E*~^U{V) and that this can 
be regarded as an ideal in E*llxU{V) whose square is zero. Moreover, the 
construction of C, can be carried out fibrewise to get a map T,xU{y) — ^ BUiV) 
which is again primitive. It follows that C, induces a map 

C*: lnd{E*BU{y)) ^Vvim{E*-'^U{V)). 

(Here Ind and Prim denote indecomposables and primitives over E*X .) Note 
also that \n.d{E* BU (V)) is a free module over E*X generated by {ci, . . . ,0^}- 

To prove that C* is injective, we need to consider the complex refiection map 
p: Y^xPy+x -> U{V), which we define as follows. For i G S"^ = M U {00} 
and X ^ X and L G PVx, the map p{t,x,L) is the endomorphism of Vx that 
has eigenvalue 7~^(i) on the line L, and eigenvalue 1 on L"*-. Here J~^{t) = 
{it + I) /{it — 1) G U{1), as in Section 2.1. Using this we obtain a map ^ = 
Co Exp: J:jcPV+x^BU{V). 

Our next problem is to identify the virtual bundle ^*{T — V) over Sj^PV+x- 
For this it is convenient to identify S"^ with CP^ and thus S^PV+x with a 
quotient of CP^ x PV . We have tautological bundles H and L over CP^ and 
PV, whose Euler classes we denote by y and x. 

Lemma 4.2 We have ^*(T — F) ~ {H — 1) (g) L. Moreover, there is a power 
series g{s) G E^lsj with g{0) = 1 such that ^*Ck = —yx^~^g{x) for k = 
1,. .. ,d. (If E^ is torsion-free then g{s) = 1/ log^(x) .) 

Proof In the proof it will be convenient to write Ty and Ly instead of T and 

L, to display the dependence on V. 

First consider the case where X is a point and V = C Then p: S"^— >[/(!) = 
?7(C) is a homeomorphism and BU{C) ~ CP°°. It is a standard fact that 
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^ BU{C) can be identified with the inclusion CP^ CP°° , and thus 
that ^*rc = H. 

In the general case, note that we have a map ^l- CP^ x PL —>■ BU{L) of 
spaces over PV . The projection PL — > PV is a homeomorphism which we 
regard as the identity. If we let tt: PV X he the projection, we have a 
splitting Tr*V = L {-jt*V © L). The inclusion L ^ Tr*V gives an inclusion 
U{L) — > 7r*U{V) and thus an inclusion BU{L) — > 'k*BU{V), or equivalently a 
map fiC/(L) -> fi;7(F) covering vr. As Ty = F Xjj^y) EU{V) and f/(L) 
acts trivially on tt*V Q L we see that (j)*Tv = Tl (B {Tr*V L) . 

Next, we note that tensoring with L gives an isomorphism r: U{C) x PV — > 
?7(L) and thus an isomorphism Bt: BU{C) x PV ^ BU{L) with {Bt)*Tl = 
Tc®L. 



One can check that the following diagram commutes: 



CP^ X PV 



BU{C) X Pl^ 



Bt 



CP^ X PF 



BU{L) 



CP^ X PF 



BU{V). 



It follows that ^J>Ty ~ (.^c X I)* {Bt)* 4)*Ty , and the previous discussion identi- 
fies this with (i? L) (tt* L) . It follows that (Ty - F) ~ (il L) - L = 
[H — 1) L, as claimed. 

Now let g{s) be the partial derivative of t +f s with respect to t evaluated 
at t = 0. This is characterised by the equation t +f s = tg{s) + s (mod t^); 
it is clear that ^(0) = 1, and by applying log^ we see that g{s) = l/log^(s) 
in the torsion-free case. As = we see that the Euler class of L is 
X +F y = X + yg{x) . Thus, we have 

fH®L-L{t) = {t-x- yg{x))/{t - x) 
= 1 - yg{x)t-^/{l - x/t) 

= i-Y,y9{x)x^-^t-K 

k>0 

The fe'th Chern class of {H — 1)0L is the coefficient of in this series, which 
is —yg{x)x^~^ as claimed. □ 

Corollary 4.3 The induced map ^* : lnd{E*BU{V)) 
E*^^PV is an isomorphism. 



E*(T.\PV+x,X) = 
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Theorem 4.4 There is a natural isomorphism X*E* ^PV —>■ E*U{V) of Hopf 
algebras over E*X . 

Proof Put Oi = ^*Ci G Prim{E*U{V)) for i = l,...,d. Given a sequence 
/ = (ii, . . . , v) with 1 < ii < . . . < ir < d, put aj = fl^ ai - . We first claim that 
the elements a/ form a basis for E*U{V) over E*X. This is very well-known 
in the case where X is a point (so UiV) ~ U{d)) and E represents ordinary 
cohomology; it can proved using the Serre spectral sequence of the fibration 
U {d— 1) — > U{d) — ^ g^d-i _ Pqj, jjjQpg general theory E we still have an Atiyah- 
Hirzebruch-Serre spectral sequence {S'^'^-"' : E^U {d - 1)) =^ EP+'^U{d). It 
follows easily that the elements aj form a basis whenever X is a point. A 
standard argument now shows that they form a basis for any X. Indeed, it 
follows easily from the above that they form a basis whenever V is trivialisable. 
We can give X a cell structure such that V is trivialisable over each cell, and 
then use Mayer- Vietoris sequences to check that the elements aj form a basis 
whenever X is a finite complex. Finally, we can use the Milnor exact sequence 
to show that the elements aj form a basis for all X . 

The ring E*U{V) is graded-commutative so we certainly have aiUj = —ajai 
and in particular 2a? = for all i. Suppose we can show that a? = 0. Then 
C extends to give a map A^^.^ lnd{E* BU (V)) E*-^U(y) of Hopf algebras, 
and from the previous paragraph we see that this is an isomorphism. Combin- 
ing this with the isomorphism of Corollary 4.3 gives the required isomorphism 
X*E*-^PV E*U{V). 

All that is left is to check that a? = 0. For this we consider the case of 
the tautological bundle T over BU{d), and take E = MP = MU[u,u~^]. 
(We use this 2 -periodic version of MU simply to comply with our standing 
assumptions on E; we could equally well use MU itself.) Here it is standard 
that MP*BU{d) is a formal power series algebra over MP* and thus is torsion- 
free. The ring MP*U{T) is a free module over MP*BU{d) and thus is also 
torsion-free. As 2a^ = we must have = as required. More generally, for 
an arbitrary bundle V over a space X we have a classifying map X BU{d) 
giving rise to a map UiV) — > U{T). Moreover, for any E we can choose an 
orientation in degree zero and thus a ring map MP — > E. Together these 
give a ring map MP*U{T) — > E*U{V), which carries Oj to a^. As a| = in 
MP*U{T) , the same must hold in E*U{V) . □ 

We will need to extend the above result slightly to give a topological interpre- 
tation of the quotient rings 

X<rE*-^PV = X*E*~^PV/X>''E*-^PV. 
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For this we recah Miller's filtration of U{V) : 

FkU{V) = {ge U{V) I codim(ker(£? - 1)) < k} 
= {ge U{V) I rank(c/ - 1) < k}. 



More precisely, this is supposed to be interpreted fibrewise, so 

FkU{V) = {{x,g) \ xeX andge U{Va,) and Tank{g - 1) < k}. 

It is not hard to see that p gives a homeomorphism T,xPV-^x FiUiV). It 
is known from work of Miller [6] that when X is a point, the filtration is stably 
split. Crabb showed in [2] that the splitting works fibrewise; our outline of 
related material essentially follows his account. 

We will need to recall the basic facts about the quotients in Miller's filtration. 
Consider the space 



For each point (x, W) € GkiV) we have a Lie group U{W) and its associated 
Lie algebra \x{W) = {a G End(M^) | a + a* = 0} . These fit together to 
form a bundle over Gk{V) which we denote by u. Given a point {x,W,a) 
in the total space of this bundle one checks that a — 1 is invcrtible and that 
g := {a+ l){a ~ 1)^-*^ is a unitary automorphism of W without fixed points, so 
g® l^yx G FkUiyx) \ Fk-iUiVx)- It is not hard to show that this construction 
gives a homeomorphism of the total space of u with FiJJ{V) \ Fk_iU{y) and 
thus a homeomorphism of the Thorn space Gfe(y)" with Fj^U {V) / Fk^iU {V) . 

If 5 G FjU{Vx) and h G FkU{Vx) then ker(5( — 1) nker(/i — 1) has codimension 
at most j + k, so gh G Fj^ii.U{V) , so the filtration is multiplicative. A less 
obvious argument shows that it is also comultiplicative, up to homotopy: 

Lemma 4.5 The diagonal map 6: U{V) — > U{V) Xx U{V) is homotopic to 
a Bltration-prcserving map. 

Proof For notational convenience, we will give the proof for a vector space; it 
can clearly be done fibrewise for vector bundles. 

We regard U{1) as the set of unit complex numbers and define po,pi: f7(l) — > 
U{1) as follows: 



Gk{V) = {(x, W)\xeX , W <Vx, dim{W) = k}. 





otherwise 




otherwise. 
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Thus {po,Pi) ■■ U{1) U{1) X U{1) is just the usual pinch map U{1) U{1) V 
U{1) C U{1) X U{1). 

Note that if 5 G U{V) and r G {0,1} then the eigenvalues of g lie in U{1) 
so we can interpret Pr{g) as an endomorphism of V as in Appendix A. As 
Pr{U{l)) C U{1) we see that Pr{z) = Pr{z)~^ for all z G C/(l) and thus that 
Prig)* =Pr{g)~^ 1 so Pr gives a map from U{y) to itself. 

We now define 5': U{V) U{V) x U{V) by 5' (5) = {po{g),Pi{g)) ■ It is clear 
that the filtration of po{g) is the number of eigenvalues of g (counted with 
multiplicity) lying in the open upper half-circle, and the filtration of pi{g) is 
the number in the open lower half-circle. Thus, the filtration of 6'{g) is the 
number of eigenvalues not equal to ±1, which is less than or equal to the 
filtration of g. 

On the other hand, each map Pr- U{1) U{1) has degree 1 and thus is 
homotopic to the identity, so 5' is homotopic to S. □ 

Theorem 4.6 There is a natural isomorphism X^i^E*~^PV — > E*Fk_iU{V) . 

Proof For brevity we write A'^ = \^^* -^E*~^ PV . We also write A* = A*^ 
and A^*^ = ©j>jfcAJ' and A<*^ = AVA^'^ = ®j<k^^. 

Because the filtration of Uiy) is stably split, the restriction map \*E*~^PV = 
E*U{V) — *■ E*Fk-iU{V) is a split surjection, with kernel Jfc say. Note that 
X*/Jk and Jk are both projective over E*X . We need to show that = A-*^. 

First, we have FoU{V) = X and it follows easily that Ji = A-^. 

We next claim that JjJk < Jj+k for all j,k. Indeed, Jj is the image in coho- 
mology of the map U{V) — > U (F)/Fj_i , and so JjJk is contained in the image 
in cohomology of the map 

= iU{V) ^ U{V) XX U{V) ^ U{V)/Fj_i Ax U{V)/Fk-i). 

Note that 5 is homotopic to the map 5' , which sends Fj^^-i into i^j-i Xx 
U{V) U U{V) Xx Fk-i- It follows that the restriction of (f) to Fj^k-i is null, 
and thus that JjJj. < Jj+k as claimed. It follows inductively that A-*^ < Jk for 
all k. This gives us a natural surjective map A^'^ — E*Fk-\U{y). 

We previously gave a natural basis {a/} for A* , and it is clear that the subset 
{ai I |/| < A;} is a basis for A*-*^. It will be enough to prove that the images 
of these form a basis for E*Fk-iU{y). The argument of Theorem 4.4 allows 
us to reduce to the case where X is a point, V = , and E represents 
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ordinary cohomology. A proof in this case has been given by Kitchloo [5] (and 
possibly by others) but we will sketch an alternate proof for completeness. As 
the map A^*^ —>■ H*Fk-iU{d) is surjective, it will suffice to show that the 
source and target have the same rank as free Abelian groups. For this, it will 
suffice to show that \^H*CP'^-^ has the same rank as H*{FjU{d)/Fj^iU{d)) 
for 0<j<d. As H*CP'^-^ has rank d, it is clear that Xm*CP'^-^ has rank 

^ ^. On the other hand FjC/(d)/Fj_iC/(d) is the Thom space Gj(C'^)". Note 

that although u is not a complex bundle, it is necessarily orientable because 
Gj{C^) is simply connected. Thus, the Thom isomorphism theorem tells us 
that the rank of H*Gj{C'^)" is the same as that of H*Gj{C'^). By counting 

Schubert cells we see that this is again ^ ^ ^ , as required. (This will also 

follow from Proposition 7.3.) □ 



5 Intersections of bundles 



Let X be a space, and let Vq and Vi be complex vector bundles over X . In 
Section 3 we defined divisors D{Vi) = {PVi)E on G over Xe, and we also 
defined the intersection index int(Vo) ^i)- 

Theorem 5.1 We have mt{Vo, Vi) < mt{D{Vo), D{Vi)) . 

Proof Suppose we have isometric linear embeddings Vq — > W < — Vi such that 
dim((joVba;) n (jiVix)) > r for all x. We must show that rank(0(j/(/vo! /vi)) > 
r. Put di = dim(Fi) and e = dim(VF). Recall that E^PVi = OQ/fvi and 
that E^PW = Og/Jw As each Vi embeds in W we see that /y. divides fw 
and there is a natural surjcction E^PW E^PVi. By combining these maps 
we get a map : E^PW -> S°PVb ® E^PVi , whose cokernel is OG/(/vb Jvi)- 
Prom the definition of the Fitting rank, we must prove that xd-o+di-r+i^ _ q 

For this, we first note that an isometric embedding j : V W of vector spaces 
gives rise to a homomorphism : U (V) — U (W) by 

Mg) = jgr^ e w = jv® jv^ ^ w. 

The alternative description j*((7) = jgj* + 1 — jj* makes it clear that j*{g) 
depends continuously on j and g. 
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We now extend this definition fibrewise, and define 7 : U {Vo)xxU{Vi) — U {W) 
by 7(50,51) = Oo*5o)(ji*5i)- We have E*U{W) = \*E*-^PW and 

E*U{Vq) XX U{Vi) = E*U{Vo) ®E*x E*U{Vi) 

= X*E*~^PVo »E*x X*E*-^PVi 

= \*{E*-^PVo e E*-'^PVi). 

Using the fact that E*^^PW is primitive in E*U{W), we find that 7* = A*(?!). 
Next, observe that if gi G U{Vix) for i = 0, 1 wc have 

7(50,51) e U{joVo^+jiVi^) c uiW) 

and dim(joVbx + Ji^ia;) < do + di - r so 7(5(0,51) G Fdo+di-rU{W) . Thus 
7 factors through Fdo+di-rU{W) , and it follows that X'^+'^i-'-+^ E*''^ PW is 
mapped to zero by 7* , as required. □ 

As an addendum, we show that some natural variations of the definition of 
intersection index do not actually make a difference. 

Lemma 5.2 Let V and W be vector bundles over a space X , and let j: V ^ 

W be a linear embedding. Then j is an isometric embedding if and only if 
j*j = 1 (wiiere j* is the adjoint of j). In any case, there is a canonical 
isometric embedding j: V W with the same image as j . 

Proof If j*j = 1 then = {jv,jv) = {v,j*jv) = {v,v) = so j is 

an isometry. Conversely, if j is an isometry then it preserves inner products so 

= {jv',jv) = {v',v) for all v,v' which means that j*jv = v. 

Even if j is not an isometry wc have {v,j*jv) = which implies that j*j 

is injective. It is thus a strictly positive self-adjoint operator on F, so we can 
define by functional calculus (as in Appendix A). We then define 

i = i ° (j*j)^^^^- This is the composite of j with an automorphism of V, 
so it has the same image as j. It also satisfies j*j = 1, so it is an isometric 
embedding. □ 

Proposition 5.3 Let Vq and Vi be bundles over a space X . Consider the 
following statements: 

(a) There exists a bundle V of dimension k and linear isometric embeddings 

(a') There exists a bundle V of dimension k and linear embeddings Vq <^ 
V ^ Vi. 
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(b) There exist a bundle W and isometric linear embeddings Vq ^ W Vi 
such that dim((_7oVba;) n {jiVix)) > k for all x e X . 

(b') There exist a bundle W and linear embeddings Vq ^ W ^ Vi such 
that dim((joVb:r) n (jiVi^)) > k for all x e X . 

(c) There is a linear map f : Vq ^ Vi such that rank(/a;) > k for all x & X . 

Then (a)^(a')^(b)^(b')^(c). 

Proof It follows immediately from Lemma 5.2 that (a)'^(a') and (b)-^(b'). 
(a)=^(b): Define W, jo and ji by the following pushout square: 



JO 



Vi ^—^ W. 

Jl 

Equivalently, we can write for the orthogonal complement of itV in Vj and 
then W = V®Vf^®Vl. 

(b) ^(c): Put / = jljo- Vo ^ Vi. By hypothesis, for each x we can choose 
an orthonormal sequence ui,... ,Uk in (joVox) n (jiVix)- We can then choose 
elements Vp £ Vqx and Wp G Vix such that Up = j^Vp = jiWp. We find 
that {fvp,Wq) = {joVp, jiWq) = {up,Uq) = 5pq. This implies that the elements 
/fi, . . . , fvk are linearly independent, so rank(/) > k a.s required. 

(c) =^>(b): Note that f*Jx'- Vox is a nonnegative self-adjoint operator 
with the same kernel as fx-, and thus the same rank as fx- Similarly, fxfx is a 
nonnegative self-adjoint operator on Vix with the same rank as fx- More basic 
facts about these operators are recorded in Proposition A. 2. 

As in Definition A. 3 we let Aj = ej{f*fx) be the j'th eigenvalue of fxfx 
(listed in descending order and repeated according to multiplicity). We see 
from Proposition A. 4 that Xj is a continuous function of x- Moreover, as f*fx 
has rank at least k wc see that > 0. Now define Tx- [0, oo) — > [0,oo) 
by Tx{t) = max(Afc,t), and define fix = Tx{fxfx) and i^x = rifxf*)- (Here 
we are using functional calculus as in Appendix A again.) One checks that 
fxfJ-x = i^xfx and iixfx = We now have maps 

//I/': Vo^Vo 

f- Vb^Fi 
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which we combine to get a map 



Similarly, we define 



ji = if 



It is easy to check that jgio = 1 and = 1, so jo S'ld ji are isometric 
embeddings. 

Now choose an orthonormal sequence vi^. . . ^Vk of eigenvectors of f^fx, with 
eigenvalues Ai,...,Afc. Put = fx{vi)/V^ £ ^i; these vectors form an or- 
thonormal sequence of eigenvectors of fxf^ , with the same eigenvalues. 

For i < k we have Aj > > so Tx{Xi) = Aj so (// + f*f)'^^^{vi) = Vi/^/2\l 
and fi^/'^{vi) = \/XiVi so jo{vi) = (yi,v\)/\/2. This is the same as ji{v'^, so it 
lies in (jo^a;) H (j'lVij;). Thus, this intersection has dimension at least A;, as 
required. □ 

We conclude this section with a topological interpretation of the scheme D(yo)r\ 
D{Vi) itself. 

Proposition 5.4 Let Vq and Vi he vector bundles over a space X , and let 
Lq and Li be the tautological bundles of the two factors in PVq Xx PVl. 
Then there is a natural map S'(Hom(Lo, Li))e — >■ -D(Vb) H Diyi), which is an 
isomorphism if the map E*P{Vq Vi) E*PVo E*PVi is injective. 

Proof Wc divide the sphere bundle S{Vo Vi) into two pieces, which are 
preserved by the evident action of U{1): 



The inclusions — Vq Vi give inclusions S{Vi) — > Q which are easily seen 
to be homotopy equivalences. It follows that Cj/C/(1) c± PVi. We also have 



Given a point in this space we have a map a : Cvq — Cvi sending vq to vi . 
This has norm 1 and is unchanged if we multiply {vo,vi) by an element of 
Using this we see that (Cq n Ci)/U{l) = S'(Hom(Lo, Li)) . Of course, 
we also have (Co U Ci)/C/(1) = P{Vo ® Vi). We therefore have a homotopy 



Co = {{vo,vi) e S{Vo®Vi) I ||7;o|| > ||^;i||} 
Ci = {{vo,vi) e S{Vo®Vi) I ||t;i|| > ||t;o||}. 



Co n Ci = {{vo,vi) I \\vo\\ = \\vi 



2-V2} ~ siVo) X S{Vi). 
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pushout square as shown on the left below, giving rise to a commutative square 
of formal schemes as shown on the right. 

S(Hom(Lo,Li)) '° > PVo 5(Hom(Lo, . D{Vo) 

h jo 

PVi > P{Vo © Vi) D{Vi) ) > D{Vo ® Fi). 

This evidently gives us a map S'(Hom(Lo, Li))^; — -D(Vb) nD(Fi). 

To be more precise, we use the Mayer- Vietoris sequence associated to our 
pushout square. This gives a short exact sequence 

cok(/0) ^ E^S{Rom{Lo,L,)) ^ ker(/-i), 

where 

/'^ = Oo, jT) : E''P{Vo ®Vi)^ E'^PVo E'^PVi. 

We have seen that cok(/'^) = C£)(yp)nD(Vi) > ^'^d the map p just corresponds to 
our map 

5(Hom(Lo, Li))e ^ D{Vo) n D{Vi). 
This map will thus be an isomorphism if /* is injective, as claimed. □ 

6 Algebraic universal examples 

Let G be a formal group over a formal scheme S. Later wc will work with 
bundles over a space X , and we will take S = Xe and G = (CP°° x X) e ■ We 
write Div+ = Div+(G) ~ G^S^, so 0^,^+ = Oslci, . . . , c^l . 

Fix integers do,di,r > 0. We write lntr{do, di) for the scheme of pairs (Dq, Di) 
where Dq and Di are divisors of degrees do and di on G, and int(Do, Di) > r. 
In other words, if Di is the evident tautological divisor over L)iv^^ x Div^^ then 
lntf{dQ,di) = Int,. (Z?o 1 -Ci ) . We will assume that r < nim{do,di) (otherwise 
we would have Lit,.(do, c?i) =0.) 

For a more concrete description, put 

^ = ^Div+ X Div+ = ^Slcoj I j < dojlcij I j < dij. 

do dl 

Let A be the matrix of ^ over R as in Section 3, and let / be the ideal in 
R generated by the minors of A of size do + di — r + 1. Then Intr(c^o, c?i) = 
spf 
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We will also consider a "semi-universal" case. Suppose we have a divisor Di on 

G over S, with degree di. Let Dq be the tautological divisor over Divj^ . We 
can regard Dq and Di as divisors on G over Div^^ and thus form the closed 
subscheme lntr{DQ, Di) C Div^^ . We denote this scheme by lntr{do, Di) . 

We can also define schemes Subr((io,di) and Subr.(do, in a parallel way. 

Remark 6.1 Sub,.(do, lii) is just the scheme of triples {D, Dq, Di) for which 
D < Dq and D < Di . This is isomorphic to the scheme of triples (D, D'q, D[) & 
Div+ X Div+ X Div+ _^ , by the map {D, D'q,D[) ^ {D,D + D'^, D + D[). 

Definition 6.2 We write Subr(-D) for the scheme of divisors D' of degree r 
such that D' < D. Using Remark 3.12 we see that Subr(L') = Suhr{r,D) = 
Intr{r,D). 

Theorem 6.3 The ring Cintr(cZo,£*i) freely generated over 
OsHi I < i < do - rjlcij I < j < dil 

by the monomials 

do 

<^--= n 

i=do—r+l 

for which ai < d\ — r . Moreover, if we let tt: Subr((io, di) — ^ lntr{do,di) be 
the usual projection, then the corresponding ring map tt* is a split monomor- 
phism of modules over Oj.. + (so vr itself is dominant). 

dl 

The proof will be given after a number of intermediate results. It seems likely 
that the injectivity of tt* could be extracted from work of Pragacz [9, Section 
3] . He works with Chow groups of varieties rather than generalised cohomology 
rings of spaces, and his methods and language are rather different; we have not 
attempted a detailed comparison. 

We start by setting up some streamlined notation. We put n = do — r and 
m = dl — r. We use the following names for the coordinate rings of various 
schemes of divisors, and the standard generators of these rings: 



Co 


dQ 


= Osluu. 


■ ■ 1 '^n+r. 


Ci 


dl 


= Oslvi,. 


■ ■ ) ^m+r 


A 


= CDiv+ 


= Oslai,.. 


■ ,a„] 


B 


= ^Div+ 


= Oslhu.. 


• ,M 


C 


= ^Div+ 


= Oslci,.. 


.,Cr}. 
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(In particular, we have renamed coi and cn as Ui and Vi.) We put uq = vq = 
(^0 = = cq = 1. We define = for i<0 or i>n + r, and similarly for Vi , 
ai , hi and q . The equations of the various tautological divisors are as follows: 





i 


h{x) 


= ^Vix"'+'-' G Ci[; 
i 


fix) 


= aix^-' e A[x] 

i 


9{x) 


= Ybix"'-' e B[x] 

i 


h{x) 


= ^Cix"-* &C[x\. 

i 



We write Tq for the set of monomials of weight at most m in Un+i, ■ ■ ■ ,Un+r, 
and T for the set of monomials of weight at most m in ci , . . . , cv . We also 
introduce the subrings 

C'o = Oslui,...,Unl^Co 
C^ = Oslui,...,Un-l}^Ci 

We note that the ring Q := Cintr((io,<ii) has the form {Cq^Ci)/! for a certain 
ideal /. The theorem claims that Q is freely generated as a module over C'^^Ci 
by To. 

The map 

IT* : CqSCi A^B^C 

sends fo{x) to f{x)h{x) and fi{x) to g{x)h{x). This induces a map tt* : Q — 
A(g)S(g)C, and the theorem also claims that this is a split injection. 

We will need to approximate certain determinants by calculating their lowest 
terms with respect to a certain ordering. More precisely, we consider monomials 
of the form tt" = rTr=^r ' order these by < if there exists i such 

that ai > Pi and aj = Pj for j > i. The mnemonic is that ui <C . . . <C ttn+r , so 
any difference in the exponent of Ui overwhelms any difference in the exponents 

of Ul, . . .,Ui-l. 

Lemma 6.4 Suppose we have integers ■~fi satisfying < 70 < ... < 7m < 
m + r, and we put Mij = Un+r+i-'yj for < i,j < m, where Uk is interpreted 
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asOifk<Oork>n + r. Then the lowest term in det(M) is the product of 
the diagonal entries, so 

m 

det(M) = ?x„_|_r+j_-y. + higher terms . 
i=0 

Remark 6.5 Determinants of this type are known as Schur functions. 

Proof Put S = nl^o ^n+r+i-7i • Let M- be obtained from M by removing 
the O'th row and z'th column. The matrix Mq has the same general form as 

M so by induction we have det(Mg) = YViLi ^n+r+j-7i + higher terms . If we 
expand det(M) along the top row then the 'th term is Un,+r— 70 

det(M^) = 

S + higher terms . As < 70 < . . . < 7m we have 7^ > i + 70 and so S 
only involves variables Uj with j < n + r — 70 . The remaining terms in the 

row expansion of dct(Af) have the form (— l)*n„+f._^„+j dct(A£/) for i > 0, and 
Un+r--yo+i is either zero (if i > 70 ) or a variable strictly higher than all those 
appearing in S. The lemma follows easily. □ 

Lemma 6.6 The ring Q is generated by Tq as a module over Cq(8)Ci . 

Proof Let J be the ideal in Cgi^Ci generated hj ui, . . . ,Un and vi, . . . , Vm+r , 
so {C'o0Ci)/J = Os. We also put = (Co§Ci)/J = O5K+1, • • • ,^in+rl- 
As J is topologically nilpotent, it will suffice to prove the result modulo J. We 
will thus work modulo J throughout the proof, so that /i = x'^'^^ , and we 
must show that Q/J is generated over Os by Tq. 

Let /i: C^'[x]/x'"+'' -> C^'[a;l/a;"^+'' be defined by fi{t) = fot, and let M be 
the matrix of n with respect to the obvious bases. It is then easy to see that 
Q/ J = Cq/ I , where / is generated by the minors of M of size m + 1 . The 
entries in M are Mij = Un+r+i-j ■ 

We next claim that all the generators Uk are nilpotent mod I , or equivalently 
that Ufc = in the ring R = Cq/s/I for all k. By downward induction we may 
assume that = in i? for k < I < n + r . We consider the submatrix M' of 
M given by M^j = Mi^n+r-k+j = Ui+k-j for < i, j < m. By the definition 
of / we have det(M') G / and thus det(M') = in i?. On the other hand, we 
have = for / > A; so M' is lower triangular so det(M') = fl- = u^'^^ . 
Thus Uk is nilpotent in R but clearly Nil(i?) = so Ufc = in i? as required. 
It follows that Q/J is a quotient of the polynomial ring Os[un+i, ■ ■ ■ ,Un+r] C 

OslUn+l, ■ ■ ■,Un+rj- 
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Now let W be the submodule oi Q/J spanned over Og by Tq; we must prove 
that this is all of Q/J. As 1 G VF, it will suffice to show that W is an ideal. 
In the light of the previous paragraph, it will suffice to show that W is closed 
under multiplication by the elements itn+i) • • • j^tn+r; or equivalently that W 
contains all monomials of weight m + 1. 

We thus let a = (a^+i, . . . , an+r) be a multiindex of weight m + 1. There is 
then a unique sequence {(3q, . . . , f3m) with n + r > Pq > . . . > f3„i > n and 
u" = Y\ - Ujj^ . Put 7i = n + r + i — /3i , so that < 70 < . . . < 7m < m + r. Let 
Ma be the submatrix of M consisting of the first m + 1 columns of the rows 
of indices 70, ... , 7^ , so the (z, j) 'th entry of Mq is Un+r+i-'^j ■ Note that the 
elements Tq := det(Ma) lie in /. 

Lemma 6.4 tells us that the lowest term in is f^,- = Hi'^^ft — 
It is clear that the weight of the remaining terms is at most the size of M^, 
which is m + 1. By an evident induction, we may assume that their images in 
Cq/I lie in VF. As G / we deduce that as well. □ 

Corollary 6.7 Let Di he a divisor of degree di on G over S' , for some 
scheme S' over S. Then Cint^(do,Di) is generated over Os'Icqi, co,do-rl by 
the monomials Cq = nf=(io-r+i ^oi which \a\ < di — r. 

Proof The previous lemma is the universal case. □ 

We next treat the special case of Theorem 6.3 where n = and so r = do. As 
remarked in Definition 6.2, the map tt: Subr(cii) = Subr.(r, di) — > hitr{r,di) is 
an isomorphism in this case. 

Lemma 6.8 Let D he a divisor of degree d on G over S . For any r < d we let 
Pr{D) denote the scheme of tuples (ui, . . . ,Ur) G C such that Yli=i[''^r] ^ D. 
Then Op^i^D-j is free of rank d\/{d — r)\ over Og. 

Proof There is an evident projection Pr{D) — > which identifies 

Pr{D) with the divisor D — [ui] — ... — [ii^-i] on G over P^-iC-C). This 
divisor has degree d — r + 1, so Cp^(D) is free of rank d — r + 1 over C'p^_i(d) • 
It follows by an evident induction that Op^(^jj^ is free over O5, with rank 
d{d-l)...{d-r + l) = d\/{d-r)\. ^ □ 

Lemma 6.9 Let D he a divisor of degree d on G over S , let D' he the 

tautological divisor of degree r over Subr(D), and let f{x) = Yl^i=G'^i^^~'^ be 
the equation of D . Then the set T of monomials of degree at most d — r in 
ci, . . . , cv is a basis for Osub^CD) over Os- 
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Proof Put K = \T\; by elementary combinatorics we find that K = 

Put R = Osubr(D)- Using T we obtain an -linear map /3: Og — > R, which 
is surjective by Lemma 6.6; we must prove that it is actually an isomorphism. 

Now consider the scheme Pr{D) ; Lemma 6.8 tells us that the ring R' := Op^(^£)) 
is a free module over Os of rank — r)! = r\K . On the other hand, Pr{D) 
can be identified with the scheme of tuples {D' , ui, . . . , Ur) where D' £ Subr(-D) 
and D' = [ui] + . . . + [ur] . In other words, if we change base to Subr(-D) we can 
regard Pr{D) as Pr{D'), and now Lemma 6.8 tells us that R' is free of rank r! 
over R. 

Now choose a basis ei,...,er\ for R' over R. We can combine this with /3 
to get a map 7: Os^^'^ R' ■ This is a direct sum of copies of (3, so it is 
surjective. Both source and target of 7 are free of rank r\K over Os- Any 
epimorphism between free modules of the same finite rank is an isomorphism 
(choose a splitting and then take determinants). Thus 7 is an isomorphism, 
and it follows that (3 is an isomorphism as required. □ 

Corollary 6.10 The set T is a basis for B®C over C\. 

Proof This is the universal case of the lemma. □ 
Corollary 6.11 The set T is a basis for A^B^C over CqSCi . 

Proof Note that A§iB§iC = (B®C)|ai, . . . , a^] . For < i < n we have 
TT*Ui = ttjCk = tti + Ci mod decomposables, 

i=j+k 

where Ci may be zero, but is nonzero. It follows that our ring A(S)B(^C 
can also be described as (S®C)|ui, . . . , , or equivalently as Cq§)B§>C . The 
claim now follows easily from the previous corollary. □ 

Now let Ti be the set of monomials of the form it^c"^ . . . c"" for which < i < 

\a\ < m. These monomials can be regarded as elements of A^B(i)C , giving a 
map {Cq§)Ci){Ti} A§)B§)C . The map vr* : (7o§Ci A^B^C also gives 
us a map (Co(X'Ci){To} — > A(SiBi^C , and by combining these we get a map 

0: {C'o^Ci){To} e (C^§Ci){ri} -> A§B0C ~ (C^§Ci){T} 

of modules over Cg ®(7i . Our main task will be to prove that this is an isomor- 
phism. The proof will use the following lemma. 
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Lemma 6.12 Let R be a ring, and let a: M N be a homomorphism of 

modules over . Suppose that M can be written as a product of copies 
of RlxJ, and similarly for N . Suppose also that the induced map M/xM — > 
N/xN is an isomorphism. Then a is also an isomorphism. 



Proof We have diagrams as shown below, in which the rows are easily seen to 
be exact: 



M/x''M M/x^+^M 



N/x^'N 



N/x^+^N 



M/xM 



N/xN 



We see by induction that the maps M/x^M — N/x^N are all isomorphisms, 
and the claim follows by taking inverse limits. □ 



Our map is a map of modules over the ring 

Cq®Ci = Oslui, . . . ,Un-l,Vi, . . . ,Vm+r\- 

Moreover, we have C'q®Ci = (C^'®Ci)[«„l ~ W^LqCq^Ci- Now let J be the 
ideal in Cq<^Ci generated by {ui, . . . , fi, . . . , Vm+r} , so {Cq®Ci)/ J = 
Os and (j) induces a map 

^: OslunWo} e Os{T^} ^ OslunW}. 

Note also that Os{T} is the image of C in {A®B®C) / J and is thus a subring 
of Os \ur^ {T} . By an evident inductive extension of the lemma, it will suffice 
to show that cj) is an isomorphism. 

Lemma 6.13 We iiave Un+j = UnCj + Wj (mod J) for some polynomial Wj in 

Cl , . . . , . 

Proof For any monic polynomial p{x) of degree d we write p{y) = y'^p{l/y) • If 
p{x) = X^jTix"^"* then p{y) = J2i''^iy^ ■ Note that pq = pq, and that p{0) = 1. 
As we work mod {ui \ i < n) we have /o = 1 (mod y") . As we work mod 
{vj I J < m + r) we have /i = 1 . We also have fh = fo and gh = fi, 
so fh = fo = I (mod y") and gh = fi = 1. It follows easily that f = g 
(mod y"') , so Oj = 6j for i < n. 

We now have to distinguish between the case m < n and the case m > n. First 
suppose that m < n. Then for i > n we have = 5i = , and also 6^ = > and 
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a, = bi ioi i < n by the previous paragraph. This imphes that f — g = chnV"' ■ 
We also have (f — g)h = Jq — 1, and by comparing coefficients we deduce that 
a„Cj = Un+i for i = 0, . . . ,r . The case i = gives Un = an, so Un+i = UnCi for 
i = 1, . . . ,r , so the lemma is true with Wi = 0. 

Now suppose instead that m> n. As = for i > n we have 

m 

f-g-{an-bn)y'' = - ^iv' & C[y]. 

i=n+l 

We now multiply this by h and use the fact that (f — g)h = /q — 1. By 
comparing coefficients of y'^ we find that Un = an — bn- In view of this, our 
equation reads 

m 

/o - 1 - uny'^h = -( ^ biy')h e C[y]. 

i=n+l 

The right hand side has the form X^j>o Wjy^^^ with wj e C , and by comparing 
coefficients we see that Un+j = UnCj + Wj as claimed. □ 

Proof of Theorem 6.3 Lemma 6.13 tells us that (f>{tt") is nif 'c" plus terms 
involving lower powers of tt„. It follows easily that if wc filter the source 
and target of (p by powers of Un , then the resulting map of associated graded 
modules is a isomorphism. It follows that 4> is an isomorphism, and thus that 
(p is an isomorphism. It follows that the map {Cq0Ci){Tq} is a 

split monomorphism of modules over Cq ®Ci (and thus certainly of modules 
over Ci). We have seen that this map factors as 

{C'o^Ci){To} ^ Q ^ A^B^C, 

where ip is surjective by Lemma 6.6. It follows that tp is an isomorphism and 
that TT* is a split monomorphism, as required. □ 

7 Flag spaces 

In the next section we will (in good cases) construct spaces whose associated 
formal schemes are the schemes Suhr{D{Vo), D{Vi)) and liitr{D{Vo), D(Vi)) 
considered previously. As a warm-up, and also as technical input, we will first 
consider the schemes associated to Grassmannian bundles and fiag bundles. 
The results discussed are essentially due to Grothendieck [4]; we have merely 
adjusted the language and technical framework. 
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Let F be a bundle of dimension d over a space X . We write Pr{V) for the 
space of tuples {x, Li, . . . , Lr) where x £ X and Li,...,Lk € PVx and Lj 
is orthogonal to Lj for i ^ j. Recall also that in Lemma 6.8 we defined 
Pr{D(y)) to be the scheme over Xe of tuples {ui, . . . ,Ur) G C for which 
M + ... + K] <L»(F). 

Proposition 7.1 There is a natural isomorphism Pr{V)E = Pr{D{y))- 

Proof For each i we have a line bundle over Pr{V) whose fibre over the 
point (x,Li,. . . ,Lr) is Lj. This is classified by a map Pr{V) — > CP°° , which 
gives rise to a map : PriV)E G. The direct sum of these line bundles 
corresponds to the divisor [ui] + . . . + [ur] . This direct sum is a subbundle of 
V , so [mi] + . . . + [ur] < D{V). This construction therefore gives us a map 

Pr{V)E^Pr{D{V)). 

In the case r = 1 we have Pi(y) = PV and Pi{D{y)) = Diy) so the claim 
is that {PV)e = DiY), which is true by definition. In general, suppose we 
know that Pr-\{V)E = Pr-i{Diy)) ■ We can regard PriY) as the projective 
space of the bundle over Pr-\(y) whose fibre over a point {x,L\,. . . ,Lr-i) is 
the space Vx {Li © ... © L^-i). It follows that Pr(y)E is just the divisor 
D{V) — {[ui] + . . . + [iir-i]) over Pr-i{D(y)) , which is easily identified with 
Pr{D{V)). The proposition follows by induction. □ 

Remark 7.2 One can easily recover the following more concrete statement. 
The ring E^Pr{V) = C'p^(z)(y)) is the largest quotient ring of {E^X)lxi, . . . , Xr} 
in which the polynomial fv{t) is divisible by HiLil* ~ ^i)- It is a free module 
over E'^X with rank dl/{d — r)\, and the monomials with < ai < d — i 
(for i = 1, . . . ,r) form a basis. More details about the multiplicative relations 
are given in Section 9. 

We next consider the Grassmannian bundle 

Gr{V) = {{x, W)\xeX , W <Vxand dim{W) = r}. 

Proposition 7.3 There is a natural isomorphism Gr{V)E = Subr{D{V)) . 

Proof Let T denote the tautological bundle over Gr{V). This is a rank r 

subbundle of the pullback of V so we have a degree r subdivisor D{T) of the 
pullbackof D{V) over Gr{V)E- This gives rise to a map Gr{V) — > Suhr{D(y)) . 

Next, consider the space Pr{V) . There is a map PriV) — > GriV) given by 
{x,Li, . . . , Lr) ^ (x, Li © . . . © Lr) . This lifts in an evident way to give a 
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homeomorphism Pr{V) ~ Pr{T). Of course, this is exactly parallel to the proof 
of Lemma 6.9. Over Pr{D(T)) we have points ai, . . . , of G with coordinate 
values xi,...,Xr & (^Pr(D{T)) say. Let B be the set of monomials with 
0<ai < r — i for i = l,...,r. Prom our earlier analysis of Suhr{D{V)) and 
Pr{D{T)) we see that -B is a basis for Op^(^d(^t)) over Csub,.(D(y)) • We also 
see from Remark 7.2 (applied to the bundle T) that i? is a basis for E^Pj.{T) 
over E^Gr{V). This means that our isomorphism /: C'p^(d{v)) ~^ E^Pr{V) is 
a direct sum (indexed by B) of copies of our map g: Osuhr{D(v)) ~^ E^Gr{V). 
It follows that g must also be an isomorphism. □ 

Remark 7.4 Lemma 6.9 now gives us an explicit basis for E^Gr{V) over 
E'^X , consisting of monomials in the Chern classes of the tautological bundle 
T. 

8 Topological universal examples 

In this section we construct spaces whose associated formal schemes are the 
algebraic universal examples considered in Section 6. 

We first consider the easy case of the schemes Subr(Do5 Di) ■ 

Definition 8.1 Given vector bundles Vq and Vi over X , we define Gr{Vo, Vi) 
to be the space of quadruples {x,Wo,Wi,g) such that 

(a) xeX; 

(b) Wi is an r-dimensional subspace of Vix for i = 0,1; and 

(c) g is an isometric isomorphism Wq — Wi . 

(We would obtain a homotopy equivalent space if we dropped the requirement 
that g be an isometry.) 

If Vi is the evident tautological bundle over BU{di) we write Gr{do,di) for 
Gr{VQ,Vi) . More generally, if 1/ is a bundle over X and do > wc can let 
Vi be the pullback of V to BU{do) x X, and let Vq be the pullback of of 
the tautological bundle over BU{do); in this context we write Gr{do,V) for 

Gr{Vo,Vi). 

Theorem 8.2 There is a naturai mapp: Gr{Vo, Vi)e Snhr{D{Vo), D{Vi)) . 
In the universal case this is an isomorphism, so 

Gr{do,di)E = Suhr{do,di). 
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More generally, there is a spectral sequence 

T^OTltBU(d„).BUid,)(E*X,E*Gr{do,d^)) =^ E*Gr{Vo,Vi), 

whose edge map in degree zero is the map 

The spectral sequence collapses in the universal case. (We do not address the 
question of convergence in the general case.) 

Proof First, we can pull back the bundles Vi from X to Gr{Vo,Vi) (with- 
out change of notation). We also have a bundle over Gr (Vo,Vi) whose fi- 
bre over a point {x,Wo,Wi,g) is Wq; we denote this bundle by W, and 

note that there are natural inclusions Vq <^ W Vi. We then have di- 
visors D{W) and D{Vi) on G over ^^(^0,^1)^ with D{W) < D{Vo) and 
D{W) < D{Vi), so the triple {D{Vo), D{Vi), D{W)) is classified by a map 
Gr{Vo,Vi)E ^ SuhriD{Vo),D{Vi)). 

We next consider the universal case. As our model of EU (d) we use the space of 
orthonormal d-frames in C°° , so BU {d) is just the Grassmannian of d-planes 
in C°° . Given a point 

{u,]l) = {ui, ■ ■ .,Uda,vi, . . .,Vdi) G EU{do) X EU{di) 

we construct a point ((Vq, Vi), Wq, Wi,g) G Grido,di) as follows: 

(a) Vq is the span oi ui, . . . , ua^ 

(b) Vi is the span of f 1 , . . . , -y^^ 

(c) Wo is the span of ui, . . . ,Ur 

(d) Wi is the span of vi,. . . ,Vr 

(e) g is the map Wq — Wi that sends to Vi . 

This gives a map /: EU{do) x EU{di) — >■ Gr{do,di). Next, the group U{do) x 
U{di) has a subgroup U{r) x C/(do — r) xU{r) x U{di — r), inside which wc 
have the smaller subgroup F consisting of elements of the form {h,kQ,h,ki). 
It is not hard to see that F ~ U{r) x U {do — r) x U{di — r), and that / gives 
a homeomorphism {EU{do) x EU{di))/T Gr{do,di). Moreover, EU{do) x 
EU{di) is contractible and F acts freely so Gr{do,di) ~ BF = BU{r)xBU{do— 
r) X BU{di - r) , so Gr(c?o, di)E = Div+ x Div|^_^ x Div^^_^ = Subr(do, di) as 
claimed. 
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In the general case we can choose maps /j: X — BU{di) classifying Vi, and 
this gives rise to a pullback square as follows: 

G.(Fo,yi) . Gr{do,di) 

X >■ BU{do) X BU{di). 

The vertical maps are fibre bundle projections so this is actually a homotopy 
pullback square. This give an Eilenberg-Moore spectral sequence as in the 
statement of the theorem. On the edge we have 

E*X <^E*BU{do)xBU{di) E*Gr{do,di), 

which is the same as 

E*X 'S>EOBUido)xBU{di) E*Grido, dl). 
We can now identify this as the tensor product of E*X with Oa,uhr(d„,di) over 
^Div+ xDiv+ • The part in degree zero is easily seen to be Osub.(Z)(yo),£'(Vi)) as 

do dl 

claimed. □ 

We next show that our map Gr{Vci,Vi)E Snhr{D(Vo), D{Vi)) is an isomor- 
phism in the semiuniversal CclSC clS well as the universal case. We start by 
analysing the semiuniversal spaces Gr{dQ,V) in more familiar terms. 

Proposition 8.3 There are natural homotopy equivalences 

Gr{do, V) ~ Gr{V) X BU{do - r) 
(and in particular Gr{r, V) ~ Gr{V) ). 

Proof A point of Gr(do, V) is a tuple (Vb, x, Wo, Wi,g) where Vo G Gdo (C°°) , 
X e X, Wo e GriVo), W\ e GriVx) and g: Wo Wi. We can define a map 
/: Gr{do,V) ^ Gr{V)xBU{do~r) by f{Vo,x,Wo,Wi, g) = (x, H^i, VbG Wq). 
It is not hard to see that this is a fibre bundle projection, and that the fibre 
over a point {x, W, V) is the space of linear isometric embeddings from W 
to C°° G v. This space is homeomorphic to the space of linear isometric 
embeddings of C in C°° , which is well-known to be contractible. Thus / is a 
fibration with contractible fibres and thus is a weak equivalence. □ 

Corollary 8.4 The map Gr{do, V)e Subr{do, D{V)) is an isomorphism. 
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Proof Recall that Suhr{do, D{V)) is the scheme of pairs {Di,D) where Di 

is a divisor of degree di, D is a divisor of degree r and D Q Di Ci D(y). 
There is an evident isomorphism Suhr{D{V)) X5 Divj'^_y, — > Suhr{do, D(V)) 
sending {D',D) to {D + D',D). The proposition tells us that Gr{do,V) = 
GriV) X BU{do -r). We already know that BUido - r)E = Div^^_^, and 
Proposition 7.3 tells us that Gr{V)E = Suhr{D{V)) . We therefore have an 
isomorphism Gr{do,V)E = Suhr{D{V)) X5Div^^_^ = Suhr{do, D{V)) . (This 
involves an implicit Kunneth isomorphism, which is valid because BU{do — r) 
has only even-dimensional cells.) We leave it to the reader to check that this 
isomorphism is the same as the map considered previously. □ 

We now turn to parallel results for the schemes lntr{D{Vo), D{Vi)) . 

Definition 8.5 Given vector bundles Vq and Vi over a space X , we define 
^r{Vo,Vi) to be the space of pairs (x,/) where /: Vox Vix is a linear map 
of rank at least r. We define the universal and semiuniversal spaces Ir{do,di) 
and Ir{do, V) by the evident analogue of Definition 8.1. 

Remark 8.6 There is a natural map 

Gr{Vo,Vi) ^ Ir{Vo,Vi), 

sending {x,Wo,Wi,g) to {x,f), where / is the composite 

This gives a homeomorphism of Gr {Vq,Vi) with the subspace of /r-(Vb,Vi) 
consisting of pairs {x, f) for which /*/ and //* are idempotent. 

Definition 8.7 We define a natural map q: /^(Vb, Fi) — > lnir{D{Vo), D{Vi)) 
as follows. If we let tt denote the projection Ir {Vo,Vi) —>■ X then we have 

a tautological map /: 7r*Vo — > 'k*Vi which has rank at least r everywhere. 
Proposition 5.3 now tells us that int(7r*Vo, vr*^!) > r. Wc can therefore apply 
Theorem 5.1 and deduce that the map /r(^0)^i)E ~* factors through a 
map q: /^(Vb, Vi) ^ lnir{D{VQ), D{Vi)) C Xe as required. 

Later we will show that the map q is an isomorphism in the universal case. For 
this, it will be convenient to have an alternative model for the universal space 
Ir{do,di). 

Proposition 8.8 Put 

l',{do,di) = {{Vo,Vi) G Gd,{C^) X GdACn I dim(Fo n Vi) > k}. 
Then I'^{dQ,di) is homotopy equivalent to Ir{do,di). 
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Proof The basic idea is to refine the proof of Proposition 5.3. We will take 
Gd{C°°) as our model for BU{d). We write I = Ir{do,di) and /' = l!,{do,di) 
for brevity. 

We will need various isometries between infinite- dimensional vector spaces. We 
define 6: C~ ^ C°° by = (v, v) /V2, and we define 9: C°° ^ 
C°° by 9{v,w) = {vo,wo,vi,wi, . . .) . Next, it is well-known that the space of 
linear isometric embeddings of C°° in itself is contractible, so we can choose a 
continuous family of isometries (pt with (pQ = 95 and <j)i = 1. Similarly, we can 
choose continuous families of isometric embeddings ^qjV'i- — > C°° © C°° 
with ^p^{v) = 9{v,Q) and tp^iv) = 9{0,v) and tp^v) = tpKv) = v. 

We now define a map a: I' ^ I by a{VQ,Vi) = (Vo,Vi,/), where / is the 
orthogonal projection map from Vq to Vi. This acts as the identity on Vq fl Vi 
and thus has rank at least k. If we choose n large enough that Vq + Vi < C" 
and let Vq ^ *^ V\ be the inclusions, then / = 

Next, we need to define a map (3: I ^ I'. Given (Vb,Vi,/) e I we can 
construct maps 





Vo- 






v. 


Vi - 






jo- 


vb- 


-> vbg 


3 Vi < C°° © 


jl- 


Vi - 







as in the proof of the implication (c)^(b) in Proposition 5.3, so dim(joVo n 
iiVi) > k. We can thus define ^: I ^ I' by P{Vo,Vuf) = {9joVo,9hVi) . 

Suppose we start with (Vb,Vi) G /', define /: Vq — > to be the orthogonal 
projection, and then define jo,ji as above so that /3a(Vb, Vi) = {9joVo,9jiVi) . 
Observe that /*/: Vq — ^ decreases distances, and acts as the identity on 
V := VoDVi. If we let Ai , . . . , A^^,, be the eigenvalues of /*/ (listed in the usual 
way) we deduce that Ai = . . . = Afc = 1 and that < A^ < 1 for all i . It follows 
from this that n and u are the respective identity maps, so 

10 = (i,/)o(i + /7)-'/' 

11 = (r,i)o(i + /r)-v2. 

In particular, we have jo{v) = ji{v) = {v,v)/^/2 for v , so jo|y = ji\v = 
5\v. 

Next, for < i < 1 we define : Vq^£.°°®C°° by 

ji = iio,Uo + (1 - t)f) o (1 + i2 + (1 _ f)rf)-y\ 
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One can check that this is an isometric embedding, with Jq = jo and Jq = S\vo 
and iol^ ~ <^l^ Similarly, if we put 

A = {ii,tio + (1 - t)n o (1 + 12 + (1 _ e)frr^'\ 

we find that this is an isometric embedding of Vi in CP° C°° with j° = ji 

and j\ = 5\vi and j\\v = ^\v for all t. It follows that (^JoVq, ^^Ji^i) G /' for 
all i, and this gives a path from /3a(Vb,Vi) = (^joVb, ^jiV^) to {65Vq,65Vi) . 
Recall that we chose a path {(j)t} from 0(5 to 1. The pairs (<?!'tVo, (/>tVi) now 
give a path from {95Vq,05Vi) to {Vq,Vi) in Both of the paths considered 
above are easily seen to depend continuously on the point (Vq, Vi) ^ I' that we 
started with, so wc have constructed a homotopy (3a ~ 1 . 

Now suppose instead that we start with a point (Vo,T4,/) G /; we need a 
path from a(5{Vo,Vi, f) to (Vb,Fi,/). We have P{Vo,Vi, f) = {ejoVo,ejiVi) , 
so a/3(Vb,Fi,/) = {ejoVo,ejiVi,f'), where /': 0joVb ^ 0JiT4 is the orthog- 
onal projection. One can check that this is characterised by f'{djoiv)) = 
^hijlMv)). Next, for < i < 1 we define k^: Vq^Vq® Vi by 

fc* = (Vi-t^+tv, o (1 - + + tT/r'/^ 

This is an isometric embedding with feg = jo and A;o('u) = {v,0). Similarly, we 
define k\ : Vi^Vo®Vi by 

ki = {tf*, Vl - t2 + t2j,) O (1 - t2 + + ^2jj*yl/2^ 

and we define //: ^^qVo ^ 6*/^*^! by 

n{ekl{v)) = ek',{jljo{v)), 

so /{ = /'. The points {k^Vo, k\Vi, //) give a path from a/3(Fo, ^i, /) to (0(Vbe 
0), 0(0 0^1),/^) in /. 

Next, we define //': Vo^o — * V'l^i by //'(V'o(^)) = V'lOiJol'w)) • The points 
(V'*Vb,Vi^i,/t") give a path from (0(Vb 0), 0(0 Fi), /^) to (Vb, Fi, ji*io) in 
/. Using Proposition A. 2 one can check that 

flJO = {y + ff) o if^ + v^/) o (/X + /7) 
The map C:=2/xV2(^ + /*/)-! 

is a strictly positive self-adjoint automorphism 
of Vb, so the same is true of t + (1 — t)C for < f < 1. The points (Vb, Vi,fo 
(t + (1 - t)C)) form a path from (Vb, Fi, j'Jio) to (^0,^1,/). All the paths 
considered depend continuously on the point (Vb,Vi,/) that we started with, 
so we have defined a homotopy a/? 2± 1 . □ 
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Theorem 8.9 The map q: Ir{do,di)E ^ lntr{do,di) is an isomorphism. 



Proof We first replace Irido, di) by the homotopy-equivalent space I'j.{dQ, di). 
We write Ir = I^{do,di) and Gr = Gr{do,di) for brevity, and similarly for Int^ 
and Subr . We first claim that there is a commutative diagram as follows. 



Cintr 



Csubr 



ITlO T , ITiO 

H/ Ij- *^ III (jTj.. 

Indeed, the isomorphism 

P- (^Subr(do,di) ^ ^^C!r{do,di) 

comes from Theorem 8.2, and the map q comes from Definition 8.7. It was 
proved in Theorem 6.3 that the top horizontal map is a split monomorphism of 
-modules, and it follows that the same is true of the map q: Oint^ E^Ir- 

We now specialise to the case where E is H[u, u~^\ , the two-periodic version of 

the integer Eilcnbcrg-MacLanc spectrum. We then have E^X = Y[k H^^X for 
all spaces X . This splits each of the rings on the bottom row of our diagram 
as a product of homogeneous pieces, and it is not hard to check that there is a 
unique compatible way to split the rings on the top row. We know that g is a 
split monomorphism; if we can show that the source and target have the same 
Poincare series, it will follow that q is an isomorphism. If r = min((io, di) then 
Int^ = Subr so the claim is certainly true. To work downwards from here by 
induction, it will suffice to show that 

PS{H*Ir+l) - PS{H*Ir) = P5(Olnt.+J " i'^lOlntJ 

for all r. 

To evaluate the left hand side, we consider the space 

Ir \ Ir+i = {{Vo, Vi) G GdoiCn X GdA^n I dim(Vb n Vi) = A:}. 

Let G'j. be the space of triples {V,Vq,V() of mutually orthogonal subspaces 
of such that dim(y) = r and dim(Vi) = di — r. This is well-known 
to be a model of BU{r) x BU{do — r) x BU{di — r) and thus homotopy- 
equivalent to Gr ; the argument uses frames much as in the proof of Theorem 8.2. 
Let W be the bundle over G\. whose fibre over {V,V^.Vl) is YLom{V{,V^). If 
a G IIom(yo, Vi) and we put Vq = V ® V{ and Vi = V ® graph(Q;) then 
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VonVi = V and so (Vq, Vi) G • It is not hard to see that this construction 
gives a homeomorphism of the total space of W with Ir\Ir+i ■ This in turn gives 
a homeomorphism of the Thom space {G'^)'^ with the quotient space Ir/Ir+i ■ 
By induction we may assume that H*Ir+i is concentrated in even degrees, 
and it is clear from the Thom isomorphism theorem that the same is true of 
H*{G'j.)^ . This implies that H*Ir is in even degrees and that PS{H*Ir) - 
PS{H*Ir+i) = PS{H*{G'^)^). As W has dimension {do - r){di - r), we see 
that PS{H*{G'^)^) = e^<^-'-^^'^^-^)PS{H*G'^). We also know that H*G'^ ~ 
Csub,. ■ The conclusion is that 

PS{H*Ir) - PS{H*Ir+l) = t2('^°-^)(''l-^)PS(C»SubJ. 

We next evaluate P5(Oint,+i) - P5(Ci„tJ. Put 

R* = Z[coi, . . . , Co^d„_r, Cii, . . . , Ci^rfJ. 

We know from Theorem 6.3 that Oint^ is freely generated over R* by the 
monomials ni=i '^o do-r+j which Yll=i'^i ^ di — r. It follows that the 
monomials 01=0 '^o do-r+j which Q-i < di — r form a basis for Oint^ over 
Similarly, those for which Y1\=q ai < di — r form a basis for C>int,.+i over 
R*.^i ■ Thus, if we let M* be the module generated over R*^i by the monomials 
with Z'lm < di-r < a,, we find that PS(Oinw+ J-P5(Oint J = PS{M*). 

It is not hard to check that the monomials for which ai = di — r form a basis 
for M* over R*. Next, let N* be generated over Z by the monomials n[=o 
for which ai = di — r; note that this involves the variables 1 = cq, . . . , 
rather than the variables Qq-^, . . . , c^p used in M* . Because deg(crfp_r+i) = 
deg(ci) + 2{do — r) we have 

degdl ^?o-.+.) = degdl ^T) + 2(^0 - r) a,. 

i i i 

Using this, we see that PS{M*) = t^^'^'^-'^^'^^-''^ PS{N*)PS{Rl) . However, 
Corollary 6.11 essentially says that Osub,. — -R*<8)iV* as graded Abelian groups, 
so PS{N*)PS{R*) = PS{Osnw), so 

= PS{H*Ir) - PS{H*Ir+i). 

As explained previously, this implies that q is an isomorphism in the case 
E = HlujU"^]. We next consider the case E = MU[u,u~^]. Let / be the 
kernel of the usual map — > Z. Because H*Ir is free of finite type and 
concentrated in even degrees, we see that the Atiyah-Hirzebruch spectral se- 
quence collapses and that the associated graded ring gijMU*Ir is isomorphic 
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to grj{MU*)§)H* Ir . Using this it is not hard to check that q is an isomorphism 
in the case E = MU[u, u^^] also. Finally, given an arbitrary even periodic ring 
spectrum E we can choose a complex orientation in E^CP°° and thus a ring 
map MU[u,u~^] — E. Using this, we deduce that q is an isomorphism for all 
E. □ 

Corollary 8.10 Let Vq and V\ be bundles of dimensions do and di over a 

space X . Then there is a spectral sequence 

T^OV%*.sU(do)xBU(d^)iE*X,E*Ir{do,d,)) =^ E*Ir{Vo,Vi), 

whose edge map in degree zero is the map 

q*' C'lntr.p(Vo),i?(Vi)) E^Ir{Vo,Vi). 

The spectral sequence collapses in the semiuniversal and universal cases. (We 
do not address the question of convergence in the general case.) 

Proof This is another Eilenberg-Moore spectral sequence. □ 



9 The schemes PkD 

Let D be a divisor of degree d on G over S, with equation 

d 

f{t)=fD{t)=J2^^''~'^^s[t], 

i=0 

say. In this section we assemble some useful facts about the scheme PkD. 
This is a closed subscheme of G'' , so Op^D = O^Ixq, • • . ,Xfc_i|/Jfc for some 
ideal ; our main task will be to find systems of generators for . We put 
Pi{t) = Y\j^i{t — Xj), and we let qi{t) and ri{t) be the quotient and remainder 
when f{t) is divided by Pi{t). Thus f{t) = qi{t)pi{t) + ri{t) and has the 

form X^}=o ^ij^'' some Cjo, • • • , ai,i-i £ Os • Prom the definitions it is clear 
that Jk is the smallest ideal modulo which f{t) becomes divisible by Pk{t), or 
in other words the smallest ideal modulo which rfe(t) = 0, so Jfc is generated 
by flfcO) • • • ) flfe,fc-i • Now put hi = aj+i^j for < i < A;; we will show that these 
elements also generate . 

Lemma 9.1 We have hi = qi{xi) and rj+i = hiPi + for all i. 
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Proof The polynomial qi{t) — qi{xi) is evidently divisible by t — Xi, say qi{t) — 
qi{xi) = {t - Xi)q[^^{t) . If we put r^+i(t) = qi{xi)pi{t) +ri{t) we find that r^_^^ 
is a polynomial of degree at most i and that f{t) = + r^_|_]^(t), 

so we must have gj+i = q[j^^ and rj+i = r^_,_^ . Thus hi is the coefficient of 
in r[j^-^ (t) . As has degree less than i and pi is monic of degree i we deduce 
that bi = qi(xi). □ 



Corollary 9.2 The ideal is generated by bo, ... , 5fc_i . 



Proof Put J[ = (60, . . . ,6fc_i). If we work modulo then it is immediate 
from the lemma that = r^^i = ... = rg = 0; this shows that ^ J^. 
Conversely, if we work modulo Jk then / is divisible by pk and hence by pi for 
all i < , so ro = . . . = Tfc = . It follows from the lemma that biPi = for all 
i , and pi is monic so bi = 0. Thus J'^. ^ Jk- □ 



We now give a determinantal formula for the relators bj . Consider the Vander- 
monde determinant 

Vk := det{xl)o<ij<k = JJ (xj - Xi). 

0<i<j<k 

We also define a matrix by 

x{ if < J < - 1 



{Bk)^J 



f{xi) if j = k-l. 



Proposition 9.3 We have bj = det{Bj)/vj for all j . (More precisely, we have 
Vjbj = det{Bj) G OsIxq, . . . , Xj-ij , and Vj is not a zero-divisor in this ring.) 



Proof Define a: Os^ Os\t\/pj{t) by 

a{uQ, . . . , Uj-2, w) = Uif + wf{t) (mod pj) = Uif + wrj{t) (mod pj). 

i i 

Next, define /3: OsM/pjit) ^ Os^ by P{g) = {g{xo), . . . , g{xj.i)) . We iden- 
tify OsltJ/pj{t) with Os'' using the basis {t* | < i < j} . It is easy to see that 
det(/9) = Vj and det{Pa) = det(Bj). Moreover, the matrix of a has the form 

so det(a) = bj . It follows immediately that Vjbj = det{Bj). It is 



b, I " ^ "" "'"-^ ' ~ 

easy to see that none of the polynomials Xj — Xi (where i < j) are zero-divisors, 
so Vj is not a zero-divisor. □ 
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We next need to relate the schemes P^D to the exterior powers X'^Od- 
Lemma 9.4 The ideal Jk maps to zero under the natural projection Ojjk = 

Proof It is enough to prove the corresponding result in the universal case, 
where D is the tautological divisor over Divj". As the map G'^ C^/S^ = 
Div^ is faithfully flat, it is enough to prove the result after pulHng back along 
this map. In other words, we need only consider the divisor over the ring 
R := 0(Qd = OslVi \ i < dl with equation f{t) = Yli(t — yi). Let w be 
the discriminant of this polynomial, so w = Wi^jiUi ~ Uj) G R- Put N = 
{0, . . . , d — 1}, and let F{N,R) denote the ring of functions from to R, 
with pointwise operations. We can define (p: Od — * F{N,R) by (t>{g){i) = 
giyi), and the Chinese Remainder Theorem tells us that the resulting map 
w~^Oo — > F{N,w~^R) is an isomorphism, and it follows that w~^0]jk = 
F{N'',w-^R). We also have O^k = Rlxj \ j < k}/{fD{xj) \ j < k); the 
element Xj corresponds to the function n i-^ y„j. . 

Now put 

Nk = {{no, . . . , rik-i) e \ni^ nj when i / j}, 

and = \ Nk- Let r(t) be the remainder when the polynomial foit) '■= 
Tli<d(^ — Ui) is divided by fo'it) ■= nj<fc(* ~ ^j)- This corresponds to the 
function n Tn{t), where r„(t) is the remainder of foit) modulo nj<fc(^ ~ 
Un ) ■ As the discriminant is invertible in w^^R wc sec that r„(t) = iff n £ Nk , 
and otherwise some coefficient of r^(t) is invertible. Using this, we deduce that 
w-'^Op^^D = F{Nk,w-'^R) and w'^Jk = F{N^,w-'^R) . If we let {bq, . . . ,ek-i} 
be the evident basis of F{N, R) over R, this means that w~^Jk is spanned over 
w~^R by the elements e„y (8) ... (8) e^^..^ for which rij = nj for some i ^ j , and 
these elements satisfy e^^ A ... A e„^,_^ = so the map w^^Jk — > w~^X^Od is 
zero. As w is not a zero-divisor we deduce that the map Jk — \^Od is zero, 
as claimed. □ 

Next note that the symmetric group acts on and PkF) and thus on the 
corresponding rings. In cither case we define altfc(a) = X^g-g^j. sgn(o")o".a. We 
also let jjLk'- Ofl' —^X^Od be the usual projection, or equivalently the restric- 
tion of the product map /x^: {X*Od)^^ — X*Od- Dually, we let '(pk- X^Od — 
be the component of the coproduct map Vfc : X*Od ^ {X*Od)®^ ■ We 
also let p*: Of/' = O^k — > Op^D denote the usual projection, corresponding 
to the closed inclusion PkD — > . 
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Proposition 9.5 There is a natural commutative diagram as follows. 




Proof The main point to check is that = alt^: Of/^ . Consider 

an element o = oq . . . au-i S Of^. Let al denote the element 1®-^ ai® 
im-3-i e so that Mai) = E5=d«i and ^feMfc(a) = \{;T.j4- We are 

interested in the component of this in Ofj' C {\*Od)®^ , which is easily seen 

to be E,n,<''' 

n 



Moreover, one checks that 
^' = sgn(a)a^ 



1(0) 



a-i(ifc-i) = sgn(cT)c7.a, 



so the relevant component of i^kfJ-ki^) is sgn((7)iT.a = altfc(a), as claimed. 

Let A be the set of multiindices a = {ao, . . . , Uk-i) with < < d for 
all i, and let be the subset of those for which ao > ... > ak-i- Put 



G 0%\ Then {x" | a G A} is a basis for C)g^ 
and {fj,k{x") I a G ^o} is a basis for X^Od- Moreover, if a G and we 
write ipkl^k{x'^) = altfc(a;") = '^p^A^ap^^ we see that Caa = 1 and Cafs = if 
P e Aq and (3 ^ a. It follows that Hk is surjective and ipk is a split injection 
of O5 -modules, as indicated in the diagram. 

Lemma 9.4 tells us that fik factor as for some /U^ : Op^d — > X^Od, and 

a diagram chase shows that is surjective. This gives the right hand triangle 
of the diagram. We simply define V'jk = P*'4'k to get the left hand triangle. As 
p* is Sjfc-equi variant we have 

altfcp* = p* altfc = p*^pkl^k = i^'kl^'kP*- 
As p* is surjective, this proves that V'fc/^fc = altfc, so the top triangle commutes. 



We next study certain orbit schemes for actions of Sfc. Recall that O^k = 
Os {xi \ i < k} has a topological basis consisting of monomials in the variables 
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Xi . This basis is permuted by , and the sums of the orbits form a topological 



basis for the invariant subring O^^ = O, 



Div^ 



It is clear from this 



analysis that our quotient construction commutes with base change, in other 
words {S' Xs G^)/T,k = S' Xs (G'^/Sfe) for any scheme S' over S . Similarly, 
the set {x" | a, < d for all i} is a basis for O^k that is permuted by Sjt , so 
the orbit sums give a basis for and we have a quotient scheme £)*^/Sfe = 
spf(C'^^) whose formation commutes with base change. By comparing our 
bases we see that the projection — > Od = Oq/Jd induces a surjective map 
/Efc /Sfe • other words, we have a commutative square of schemes 

as shown, in which j and / are closed inclusions, and q2 is a faithfully flat 
map of degree d\ . 

j^k 1 , (gfe 



91 



92 



GVSfe = Div+ 



One might hope to show that Pfc(Z))/Efc = Subfc(Z)) in a similar sense, but this 
is not quite correct. For example if _D = 3[0] (so foit) = f"^) and k = 2 then 
Op^D = Osfx, y}/{x^,x'^ + xy + y^) . If we define a basis of this ring by 

{eo, . . . , 65} = {1, x, y, x^, -x^ - xy, x^y}, 

we find that the generator of E2 has the effect 

eo •s-^ eo , ei ^ 62 , 63 ^ 64 , 65 ^ -65. 

If Os has no 2-torsion we find that O^^j^ is spanned by {1, x + y, xy} and thus 
is equal to C'sub2(D) • However, if 2 = in Os we have an additional generator 
x'^y, so Cp^^, is strictly larger than C'sub2(-D)- This example also shows that 
the formation of Cp^^ is not compatible with base change. 



The following proposition provides a substitute for the hope described above. 



Proposition 9.6 There is a commutative diagram as follows, in which i, 
i' , j and j' are closed inclusions, and qq and q2 are faithfully Eat of degree 
k\. Moreover, the outer rectangle is a puUback, and if Jk '■= ker(z*) then 
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ker((0*) = J^' 



90 



91 



92 



Subfe(L>) 



+ 



Dyjlk GVEfc = Div+ 



Proof We have already produced the right hand square. The map i is just 
the obvious inclusion. The map qo sends (oq, . . . , flfe-i) £ PkD to [oq] + . . . + 
[ofc-i] G Subfc(Z'); it was observed in the proof of Lemma 6.9 that this makes 
Op^.D into a free module of rank k\ over Csubfc(D)) so go is faithfully flat of 
degree k\. 

The points of Subfc(Z)) are the divisors of degree k contained in D, so Subfc(Z') 
is a closed subscheme of Div^; we write m': Suhk{D) — > Div^ for the inclu- 
sion, and note that m'qo = q2ji- As qo is faithfully flat and m'qo factors 
through D^/Tjj. we see that m' factors through D^/Ti^, so there is a unique 
map i': Suhk{D) /T^k such that m' = j'i' . As m' is a closed inclu- 

sion, the same is true of i' . A point of the puUback of m and q2 is a list 
a = (ao, . . . ,Ojt-i) of points of G such that the divisor q2{a) = J2rl^r] lies in 
Subfc(D), and thus satisfies ^,.[ar] < -D. It follows from the definitions that 
this pullback is just PkD as claimed. 

As qo is faithfully flat we have ker((i')*) = ker(gQ(i')*) = ker(i*g*). By con- 
struction, q^ is just the inclusion of the Sfe-invariants in Ojyk , so kev{i*ql) = 
ker(z*)^'= = J^*^ as claimed. □ 

Corollary 9.7 \^Od is naturally a module over Csubfc(ii)- 

Proof We can certainly regard O^k as a module over the subring O^k /Sj. = 
O^l , and the map alt^ : Ojjk — Ojjk respects this structure. This makes 

X^Od = image (alt ,t) into a module over O^l . If a G J^'' and b G Ojjk then 
aaltfc(6) = altfc(a6) but ab G Jk so altfc(a6) = 0. This shows that X^Od is 
annihilated by J^'' , so it is a module over O^^/J^*' = Osubfc(£)) ! a-s claimed. □ 

We next identify X'^Od as a module over Osubfc(D) • Let D' be the tautological 
divisor of degree k over Subfc(D). Then Odi is naturally a quotient of the ring 
Od '^s C'subfc(D)) which contains the subring Od = Od This gives us a 
map Od Ou' , which extends to give a map cj): X^Od ^Suh (d)^D' ■ 
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Proposition 9.8 The map cf): XgOo '^Subfc(D)^^' isomorphism of 

free rank-one modules over Csubfc(D) ■ 

Proof Put T = Suhk{D) for brevity. Note that 
Od = Os{x' \ i<d} 
X'^sOd = Os{x''' A ... A a;^'=-i \ d > io > . . . > ik-i} 

Od> = Ot{x' \ i<k} 
X^Od' =Ot{x''-^ A...Ax^}. 

In particular, we see that XgOo is free of rank if := ^ ^ ^ over Os, and 

Xj,Od' is free of rank one over Ot- We also know from Lemma 6.9 that Ot is 
free of rank K over Os, so Xj^Od' is also free of rank K over Os- 

Suppose for the moment that is a homomorphism of Or-modules. It is clear 
that 

(l){x''~^ A . . . A = x''~^ A . . . A x°, 

and this element generates X^Od' , so (/> is surjective. As the source and target 
are free of the same finite rank over Os, we deduce that cj) is an isomorphism 
as claimed. 

We still need to prove that (j) is linear over Ot - By the argument of Lemma 9.4 
we reduce to the case where D is the divisor with equation Y^=o{t — yi) defined 
over the ring 

R:=0^, = Oslyo,...,yd-il 

and we can invert the discriminant w = Wi^j{yi — yj)- Wc reuse the no- 
tation in the proof of that lemma, so w~^Od = F{N,w^^R) and w~^ODk = 
F{N'', w-^R) and w'^Op^d = F{Nk, w'^R) . We see from Proposition 9.6 that 
w~^Ot is the image of w^^O^l in w~^Op^d , which is the ring F{Nk, w~^R)^^ 
of symmetric functions from Nk to w~^R. If we write = {n & \ no > 
..-> nfc_i} then Nk = S^, x iV+ as Sfc-sets so w'^Op^d = F{Njl,w~^R). On 
the other hand, Ot is also a quotient of R'^Oj^- + , which is the ring of symmet- 

k 

ric power series in k variables over R; a symmetric power series p corresponds 
to the function n := p{yno, 2/nfc_i) • 

If n G A^*^ we put — ('no ^ . . . ^ 6nfc_i , SO thesc elements form a basis 
for w~^0'f^ over w~^R- Similarly, the set {/Xfc(e„) | n G N^} is a basis for 
w~^X^Od ■ Using the previous paragraph we see that p-fik{en) = p(yn)A*fc(%)) 
which tells us the Or-module structure on w~^X^Od- 

Algebraic & Geometric Topology, Volume 2 (2002) 



1106 



N. P. Strickland 



We next analyse w Od' ■ This is a quotient of the ring 

w'^Ot ®Od = F{N+,w-^Od) = n w-^^i^i \ i<d}. 

neN+ 

It is not hard to check that the relevant ideal is a product of terms /„, where 
/„ is spanned by the elements ej that do not lie in the list e„Q, . . . , en^_^ . Thus 

w-^Od' = Y[w-^R{enj \j<k} 

n 

w-^X^Od' = Ylw'^R.eno A ... A e^^.^. 

n 

Let be the element of this module whose n'th component is A . . • Ae^^. ^ , 
and whose other components are zero. Clearly {e^ | n G Nj^} is a basis 
for w~^Xj,Od' over w~^R. As a symmetric power series p corresponds to 
the function n i-^ piUn) and is concentrated in the n'th factor we have 
p.e'^ = p{yn)e'j^. It is also easy to see that (pinki^n)) = and it follows that 
(f) is Or -linear as claimed. □ 

We next give a formula for ^ in terms of suitable bases of XgOo and Xg^^^Oo' ■ 
(This could be used to give an alternative proof that (f) is an isomorphism.) 

Proposition 9.9 Suppose we have an element x^^" A . . . Ax^^-i G X'^Od , where 
< Po < ... < Pd-k-i . Let 70, ... , 7fe_i be the elements of {0, . . . ,d — 1} \ 
{Po,..., Pd-k-i} , listed in increasing order. Then 

(t){x^° A ... A x^'^-i) = ±ar° A . . . A x'''^ . det{ck+i-y^)o<i,j<d-k, 

where the elements Ci axe the usual parameters of the divisor D' . 

Proof For any increasing sequence ckq < . . . < Q!„_i we write .x(a) = x"" A 
. . . Ax""-i . We also write e' = x(0, 1, . . . , /c — 1) and e = x(0, 1, . . . , d — 1) , and 
we put r = Subfe(L»). 

We certainly have (f){x{j3)) = b/^e' for some bp G Ot- To analyse these ele- 
ments, put J' = ker(C'T' Od — > Cd'i which is freely generated over Ot by 
{x^fo'ix) \ i < d — k}. Consider the clement 

a = fo' f\ xfo' A . . . x'^-^-^fo' e >^'^~^J' cOt^ X'^-^Od. 

This clearly annihilates J' C Ot(^X}'Od , so multiplication by a induces a map 
X'^Od' Ot ® X'^Od- As /di is monic of degree k, we see that e'a = e. It 
follows that x{l3)a = bpe'a = bpe. 
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On the other hand, we can expand a in the form a = J^-y ^--y^i'l) > where 7 runs 
over sequences < 70 < . . . < ^d-k-i < d. We have x{(3)x{'j) = ±e if /3 and 7 
are related as in the statement of the proposition, and x{P)x{'y) = otherwise. 
It follows that x{(3)a = ±a^e, and thus that bp = ±a^. 

Let Aj be the matrix whose (i, j) 'th entry is the coefficient of x'^^ in x^fD'{x) ; 
it is then clear that = det(A-y). On the other hand, we have x''fD'{x) = 
c^a;*^'*"*"'" , so {Aj)ij = Ck+i-'y- , and the proposition follows. □ 



10 Thorn spectra of adjoint bundles 



The following proposition is an immediate consequence of Theorem 4.6 and its 
proof (the first statement is just the case k = d of the second statement). 

Proposition 10.1 Let V be a d -dimensional bundle over a space X . Then 
there are natural isomorphisms 

E^-E-'^OkV = A|o^^°PF forO<k<d. D 

Remark 10.2 Note that the proposition gives two different descriptions of 
the module E^'E^'^GkV": the first statement with X replaced by Gk{V) and 
y by T gives 



\ k JpO Jjrp 



whereas the second statement gives 

Wc leave it to the reader to check that these two descriptions are related by the 
isomorphism </!>: X^gOo —>■ ^Suhk{D)^D' of Proposition 9.8. 

In the present section we examine the isomorphisms of Proposition 10.1 more 
carefully. We will construct a diagram as follows, whose effect in cohomology 
will be identified with the diagram in Proposition 9.5. 




^kpyk 
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Here PV'' means the fibre product 

PV'' = PVxx...XxPV = {{x,Lo, . . . ,Lfc_i) \xeX, Lo,.. . ,Lfe_i e PV^}. 

Write QkU{V) = FkU{V)/Fk_iU{V), so that QkU{V) ~ GfeF". As the fil- 
tration of U{V) is multipHcative, the multiphcation UiV)^ — UiV) induces a 
map (Qi?7(y))(^) -> QkU{V), or equivalent^ TJ^PV^ Gjk(F)". This is the 
map q in the diagram. 

Recall that P^V is the set of points (x, Lq, . . . , Lj^^i) € such that the lines 

Lj are mutually orthogonal. The map p: P^V PV^ is just the inclusion. 
We also have a map PkV — GkV sending to (x,0jLi), and we note 

that u(0^Li) contains 0^u(Lj). Moreover, when L is one-dimensional there 
is a canonical isomorphism u(L) ~ iR ~ M, so ©jU(Lj) ~ M^, so we get an 
inclusion H^P^Vj^ —>■ GkV^, which we call q' . It is not hard to see that this is 
the same as qp, so the left hand triangle commutes on the nose. 

We next define the map r': GkV" -> S''PfcV+ by a Pontrjagin -Thom con- 
struction. Let Nq c M/^ be the set of sequences (fo, ■ ■ ■ such that 
to < . . . < tk-i , and let N' be the space of triples {x, W, a) where W G GkVx 
and a G u(M^) and a has k distinct eigenvalues. This is easily seen to be 
an open subspace of the total space of the bundle u over G^V . Given such a 
triple, we note that the eigenvalues of a are purely imaginary, so we can write 
them as Uq, . . . ,itk-i with to < . . . < t^-i ■ Wc also put Lj = ker(a — itj) , so 
the spaces Lj are one-dimensional and mutually orthogonal, and their direct 
sum is W. Using this we see that the map qp: T,^PkV+ — > G^V" induces a 
homeomorphism Nq x P^V ^ N' , and this gives a collapse map 

GfcF" ^N'U {cx)} ~ {N^ X PkV) U {cx)} ~ (7V^ U {cx)}) A PkV+. 

On the other hand, the inclusion A^q — > M.^ gives a collapse map — > A^qU{oo} 
which is a homotopy equivalence; after composing with the inverse of this, we 
obtain a map GkV^ — S'^Pj^V^, which we denote by r' . 

We now define a map r: G^F" — > PV]^. We first mimic Lemma 4.5 and define 
maps rrij : U{1) U{1) (for < j < A;) by 



mj{e 



if j/k < e/2Tr < {j + l)/k 
otherwise 



(where 6 is assumed to be in the interval [0, 27r] ). We then define S'f, : U{V) 
U{V)^ by S'i.{g) = {mo{g), ■ ■ ■ ,mk-i{g)) ■ This is homotopic to the diagonal 
and preserves filtrations so it induces a map GkV" = QkU{V) — > Qk{U{V)^). 
The target of this map is the wedge of all the spaces QiqU{V) A . . . AQif,_-^^U{V) 
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for which li = k. We can thus project down to the factor QiU{V) A ... A 
Q^U{V) = E^PFf to get a map G^F" ^ E'^PFf , which we call r. 

It is not hard to recover the following more explicit description of r. Recall 
that we have a homeomorphism 

7: C/(l) ^MU{oo} 

given by 7(2;) = {z + l){z - and 7"^(t) = {it + I) /{it - 1). One 

checks that 7(e*^) = — cot(^/2), which is a strictly increasing function of 9 for 
< < 27r. Let Aj denote the arc {e*^ | j/k < e/2-K < {j + l)/k}, so jAj 
is the interval (— cot(7rj'/A;), — cot(7r(j + l)/k)) . We also define rrij = 7771^7"^ , 
which can be regarded as a homeomorphism 771^ U {00} — > MU {00} , homotopy 
inverse to the evident collapse map in the opposite direction. If we put No = 
YljjAj C Nq C M!' then the maps frij combine to give a homeomorphism 
fn: No U {00} — > R*^ U {00}, which is again homotopy inverse to the evident 
collapse map in the opposite direction. Now let N C N' he the space of triples 
{x,W,a) such that a/i has precisely one eigenvalue in jAj for each j. If 
{x,W,a) G N and tj is the eigenvalue in ^Aj and Lj = kcr(a — itj) then 
we find that t G No and L G PkVx and r{x,W,a) = {fn{t),x,L) . On the 
other hand, if {x,W,a) ^ N we find that r{x,W,a) = 00. It follows that 
r is constructed in the same way as r', except that N' and A'^ are replaced 
by the smaller sets N and Nq . The projections N' U {00} — > iV U {00} and 
A'^^ U {00} — > Nq U {00} are homotopy equivalences, and it follows that r is 
homotopic to pr' . This shows that the right hand triangle in our diagram 
commutes up to homotopy. 

We now consider the composite s = r'q': T.'^PkV^ — > T,'^PkV+, which is essen- 
tially obtained by collapsing out the complement of {q')~^{N'). There is an 
evident action of the symmetric group S^. on the space S'^PfcF+, given by 

(^■{LD = (*<T-1(0)) • • • )*<T-l(fc-l))-^a-l(0)) • • • 

One checks that {q')~^{N') = Yia '^■i^o ^ ^kV), and using this one can see 
that s is just the trace map tr^^. = X^o-gSj, 

Finally, we define 

s' = rq: T,''PV^ ^ T,''PV^. 

We can also define tr^j. : T,''PV^ Ti^PV^; we suspect that this is not the 
same as s' , although we will see shortly that it induces the same map in coho- 
mology. 
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We now apply the functor &{—) = E^T, ''{—) to our diagram of spaces and 
write D = D{V) to get the following diagram: 

s* 




The map p* : Of, = O^k — > Op^o is the same as considered previously; this 
is the definition of our identification of {PkV)E with Pfc-D. It follows from the 
Hopf algebra isomorphism of Theorem 4.4 that r* = and q* = V'fc ) ^"^^ thus 
that {s'Y = ^kf^k = altfc. As /i^ factors uniquely through p* we must have 
(r')* = l^'k- As g' = pq and = p*il^k we have {q')* = ip'/^. Finally, we know 
that s = tT-£^ and any permutation cr G acts on the sphere S'' with degree 
equal to its signature so it follows that s* = altfc : E'^PkV — E^P^V . 

11 Fibrewise loop groups 

We conclude the main part of this paper by studying the fibrewise loop space 
Q,xU{V) and thereby providing a topological realisation of the diagram in 
Proposition 9.6. 

First, the group structure on U{V) gives a group structure on flxU{V). We 
also have nxU{V) - n\BU{V), and there is a canonical homotopy showing 
that a double loop space is homotopy-commutative, so the proof goes through 
to show that ClxU{V) is fibrewise homotopy commutative. 

We next recall certain subspaces of QxU{V) which have been considered by a 
number of previous authors — we will mostly refer to Crabb's exposition [2], 
which cites on Mitchell's paper [7] and (apparently unpublished) work of Ma- 
howald and Richter. 

Let F be a vector space. Any finite Laurent series f{z) = YliL-N ^i^^ ^'^^^ 
coefficients G End(y) can be regarded as a map U{\) End(y) which 
we can compose with the standard homeomorphism 7"^ : 5^ — > U{\) to get 
a map f: End(y). We write fi'^"C/(y) for the space of based loops 
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u: ^ U{V) that have the form u = f for some finite Laurent series /, and 
call this the space of Laurent loops. Similarly, we write ^P°^U{V) for the space 
of loops that have the form / for some polynomial /. 

If u = / is a Laurent loop we have f{z)^^ = f{z)* = Cilz~^ which is again 
a finite Laurent series. Using this we see that that Q^^^-JJ (V) is a subgroup of 
QXJ{V) (but fiP°'C/(y) is merely a submonoid). We also find that the function 
d{z) = det(/(2;)) is a finite Laurent series in C[z, z^"^] satisfying d{z)d{^) = 1 
and d{l) = 1; it follows easily that d{z) = z^ for some integer n, called the 
degree of u. 

Definition 11.1 (a) We write S^V for the space of polynomial loops of 
degree k on U{y). 

(b) The product structure on VtUiV) induces maps S^V x SiV — S'fe+iF, 
which we call ■ 

(c) Given W £ GkV and z E U{1) we have a polynomial zirw + (1 — ttw) € 
End(y) [z] giving rise to a based loop in U{V) which we call (jikiW) . This 
defines a map : GkV — SkV . It is not hard to show that 0i : PV 
SiV is a homeomorphism. 

(d) By combining 0i with the product map we get a map i/^ : PVx S^V . 

If y is a bundle rather than a vector space, we make all these definitions 
fibrewise in the obvious way. 

Note that induces a map E*SkV -> {E*PV)®'', where the tensor product 
is taken over E*X . We write Sym'^ {E*PV) for the submodule invariant under 
the action oi T,^. 

Proposition 11.2 Uk induces an isomorphism E*SkV = Syui^{E*PV) , and 
thus an isomorphism D{y)^ /T.^ — > {SkV)E- 

Proof Put d = dim(y) and let A be the set of lists a = {ui \ i < k) with 
< Oj < d. We have 

E*PV^ = {E*PVr^ = E*lxi\i< ky{fv{xi) \i<k), 

and the set {a;° | a G A} is a basis for this ring over E*X. Put ^+ = {a G 
^ I ao < . . . < ttfe-i} and M+ = 0„g^^ E*X, and let tt: E*PV^ -> M+ be 
the obvious projection. This clearly induces an isomorphism Sym*^ E*PV —>■ 
M+. 
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We take as our basic input (proved by Mitchell [7]) the fact that when X 
is a point, the map zv^ induces an isomorphism (H^PV)^'^ — > H^SkV . In 
particular, this means that H^^SkV is a finitely generated free Abelian group, 
concentrated in even degrees. By duality we see that H*SkV = ^jm^H*PV, 
and thus that the map ttz^^ : H*SkV ®a+ H*X is an isomorphism. Using 
an Atiyah-Hirzebruch spectral sequence we see that TTf^ : E*SkV — E*X 
is an isomorphism for any E. 

Now let X be arbitrary. If V is trivialisable with fibre Vq then SkV = X x 
SkVo and it follows from the above that tti/^ is an isomorphism. If V is not 
trivialisable, we can still give X a cell structure such that the restriction to 

any closed cell is trivialisable, and then use Mayer- Vietoris sequences, the five 
lemma, and the Milnor sequence to see that ttu^ is an isomorphism. 

We next claim that the maps 

fxll : E*Sk+iV -> E*SkV ®e'X E*SiV 

give rise to a cocommutative coproduct. To see this, let C{V) denote the 
following diagram: 



SkV xSiV 



twist 



SiV X SkV 



IJ-lk 



Sk+iV 



Sk+iV. 



The claim is that the diagram E*C{V) commutes. Let io,ii- V ^ V"^ be the 
two inclusions. The map io induces a map E*C{V'^) — E*C{y), and it follows 
easily from our previous discussion that this is surjective. It will thus be enough 
to show that the two ways round E*C{y'^) become the same when composed 
with the map 

{Sk{io) X Siiio))*: E*iSkiV^) xx Si{V^)) -> E*iSkV xx SiV). 

It is standard that iq is homotopic to ?'i through linear isometrics, so Si{io) is 
fibre-homotopic to Si{ii). Similarly, the identity map of Sk+i{V'^) is homotopic 
to 5^+; (twist) . It is thus enough to check that the two composites SkVxSiV 
Sk+i{V^) in the following diagram are the same: 



SkiV) X Si{Vr^%(.V') X SiiV') 



IJ-kl 



Sk+iiV^) 



twist 



Sk+lii^ist) 



Si{V^) X SkiV 



P-lk 



Sk+i{V^ 
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This is easy to see directly. 
We now see that the map 

ul : E*SkV {E*PV)®^ 

factors through Symf' {E*PV). As the map tt: Sym^ {E*PV) M+ and 
its composite with v^. are both isomorphisms, we deduce that : E*SkV 
Sym'' {E*PV) is an isomorphism as claimed. □ 

Corollary 11.3 The formal scheme {^xU{V))e is the free commutative for- 
mal group over Xe generated by the divisor DV . 

Proof Wc refer to [10, Section 6.2] for background on free commutative formal 
groups; the results there mostly state that the obvious methods for constructing 
such objects work as expected under some mild hypotheses. Given a formal 
scheme T over a formal scheme S, we use the following notation: 

(a) M+r is the free commutative monoid over S generated by T. This is 

characterised by the fact that monoid homomorphisms from M~^T to any 
monoid H over S biject with maps T — > if of schemes over S . It is clear 
that if there exists an M+T with this property, then it is unique up to 
canonical isomorphism. Similar remarks apply to our other definitions. In 

reasonable cases wc can construct the colimit T|/Sjfc and this works 
as M~^T; see [10, Proposition 6.8] for technicalities. 

(b) MT is the free commutative group over S generated by T . 

(c) If T has a specified section z: S T, then A''"'"r is the free commutative 
monoid scheme generated by the based scheme T, so homomorphisms 
from TV+r to H biject with maps T ^ H such that the composite 

is zero. In reasonable cases iV+T can be constructed as 

lim r|/Sfc. 



(d) If T has a specified section wc also write NT for the free commutative 
group over S generated by the based scheme T . 

The one surprise in the theory is that often NT = N^T; this is analogous to 
the fact that a graded connected Hopf algebra automatically has an antipode. 
It is easy to check that MT = Z x NT, where Z is regarded as a discrete group 
scheme in an obvious way. 

We first suppose that V has a one-dimensional summand, so V = L (B W 
for some bundles L and W with dim(L) = 1. Note that for each x G X 
there is a canonical isomorphism C — > End(-L) giving U{1) x X ~ U{L). This 
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gives an evident inclusion a: U{1) x X U{V) with detoa = 1. We define 
P: U{V) SU{V) by P{g) = a{det{g))-^ g , and note that f3{a{z)g) = (5{g) 
for all z. 

We also have an evident map z: X PL — > PV ~ 5*1^ splitting the projection 
PV — > X. Left multiplication by z gives a map i^: S^V — > S^j^iV . We also 
define ik'. S^V 9.xSU{V) to be the restriction of Q^xP to S^V C 9,xU{V). 
Using the fact that [3{a{z)g) = (3{g) we see that jk+iik = jk- Thus, if wc define 
SoqV to be the homotopy colimit of the spaces SkV , we get a map j^o : 5*00^ — > 
ilxSU {V) of spaces over X. Using the usual bases for E*SkV = Sym'' (E*PV) 
we find that the maps il: Sym''+^ {E*PV) Sym'' {E*PV) are surjective. It 
follows using the Milnor sequence that E*SocV = lim Sym'' {E*PV) and thus 

■* — k 

that {SooV)e = lim DV^/T^k- We claim that this is the same as N+DV; 

— *k 

this is clear modulo some categorical technicalities, which are covered in [10, 
Section 6.2]. In the case where X is a point, it is well-known and easy to check 
(by calculation in ordinary homology) that the map 6*00^ — * ^xSU(y) is a 
weak equivalence. In the general case we have a map between fibre bundles 
that is a weak equivalence on each fibre; it follows easily that the map is itself 
a weak equivalence, and thus that nxSU{V)E = N^DV . On the other hand, 
as ^xSUiy) is actually a group bundle, we see that VixSU iy)E is a formal 
group scheme, so N^DV = NDV. 

We now turn to the groups ilxU{V). We define Zx = ZxX, viewed as a bundle 
of groups over X in the obvious way. This can be identified with ^lx{U{l) x 
X) so the determinant map gives rise to a homomorphism S: fixU{V) — > 
Zx ■ Given {n,x) G we have a homomorphism U{1) — > U{Vx) given by 
z I— s- a(z"). This construction gives us a map a: Zx — > QxU{V) with Sa = 
1 and thus a splitting Q,xU{V) ~ Z x i},xSU{V) and thus an isomorphism 
^xU{V)e = Z X NDV = MDV . One can check that the various uses of the 
map a cancel out and that the standard inclusion DV —>■ MDV is implicitly 
identified with the map coming from the inclusion PV = S\V ^ Q.xU{V). 
This proves the corollary in the case where V has a one-dimensional summand. 

Now suppose that V does not have such a summand. We have an evident 
coequaliser diagram PV Xx PV — ¥ PV — *• X , giving rise to a coequaliser 
diagram DV Xx^ DV — > DV — > Xe of schemes over Xe, in which the map 
DV — > Xe is faithfully flat. The pullback of V to PV has a tautological one- 
dimensional summand, which implies that {PV Xx^xU{V))e has the required 
universal property in the category of formal group schemes over PVe ■ Similar 
remarks apply to PVxxPVxx^xU{V). It follows by a descent argument that 
flxU(V) itself has the required universal property, as one sees easily from [10, 
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Proposition 2.76 and Remark 4.52]. □ 

Wc next recall the standard line bundle over SkV , which wc will call T; sec [2, 7] 
for more details. Write A = C[z] and K = C[z,z^^. A point of SkV has the 
form {x,f) for some / £ Endc(KE)N — End^(A (gi 14). Multiplication by / 
defines a surjective endomorphism m{f) of {K/A) (g) V , and we define T(^x,f) 
to be the kernel of this endomorphism. One can check that this always has 
dimension k over C and that we get a vector bundle. This is classified by 
a map r^: SkV —>■ BU{k) x X of spaces over X. It is easy to see that the 
restriction of T to G^V C Sj^V is just the tautological bundle. 

There are evident short exact sequences 

ker(m(5-)) ^ ker(m(/c/)) ker(m(/)), 

which can be split using the inner products to give isomorphisms uliT ~ ttqT© 
ttIT over 5"^^ XxSiV. This means that the map r: SkV ^ BU{k)) x 
X is a homomorphism of iJ-spaces over X . 

We now have a diagram of spaces as follows: 

PkV ^ PT4 {CP°°f X X 

q' 

GkV . SkV -—^ BU{k) X X. 

It is easy to identify the corresponding diagram of schemes with the diagram 
of Proposition 9.6. 

A Appendix : Functional calculus 

In this appendix we briefly recall some basic facts about functional calculus 

for normal operators. An endomorphism a of a vector space V is normal 
if it commutes with its adjoint. For us the relevant examples are Hermitian 
operators (with a* = a), anti- Hermitian operators (with a* = —a) and unitary 
operators (with a* = a~^). 

For any operator a and any A G C we have 

ker(a — A)"*" = image((a — A)*) = image(a* — A). 
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If a is normal we deduce that ker(Q; — A)-*- is preserved by a, and it follows 
easily that V is the orthogonal direct sum of the eigenspaces of a . It follows in 
turn that the operator norm of a (defined by ||a|| = sup{||a(i;)|| : \\v\\ = 1}) 
is just the same as the spectral radius (defined as the maximum absolute value 
of the eigenvalues of a). 

Now let X be a subset of C containing the eigenvalues of a , and let / : X ^ C 
be a continuous function. We define /(a) to be the endomorphism of V that 
has eigenvalue /(A) on the space ker(a — A). From this definition it is clear 
that the following equations are valid whenever they make sense: 

c{a) = c.lv if c is constant 

id(Q;) = a 

Re(a) = (a + Q*)/2 
Im(a) = (a - a*)/{2i) 
if + g){a) = f{a) + g{a) 

7(«) = /(«)* 

{fog){a)=f{g{a)) 
||/(a)||<sup|/(x)|. 

The continuity properties of f{a) are less clear from our definition. However, 
they are provided by the following result. 

Proposition A.l Let X he a closed subset of C, and V a vector space. Let 
N{X, V) be the set of normal operators on V whose eigenvalues lie in X , and 
let C{X, C) be the set of continuous functions from X to C (with the topology 
of uniform convergence on compact sets). DeRne a function E : C{X,C) x 
N{X,V) End(F) by E{f,a) = f{a). Then E is continuous. 

Proof Let A be the set of functions / G C{X,C) for which the function 
a 1-^ /(a) is continuous. Using the above algebraic properties, we see that A is 
a subalgebra of C(X,C) containing the functions z t— > Re(z) and z i— > Im(2;). 
By the Stone- Weierstrass theorem, it is dense in C (X, C) . Now suppose we 
have / G C{X,C), a G N{X,V) and e > 0. Put Y = {x e X \ \x\ < ||a|| + 1}, 
which is compact. As A is dense we can choose p £ A with \ f — p\ < e/4 on Y . 
As p & A can choose 6 such that \\p{P) — p(a)\\ < e/4 whenever — a|| < 5. 
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We may also assume that 5 < 1, which means that when ||/3 — a|| < S we have 
(3 eY. Now if \f - g\ < e/4 on Y and ||q: - i3\\ < S then 

||/(a) - g{/3)\\ <||/(a) - p{a)\\ + ||p(«) - + 

Mf3)-fm\ + \\m-9m\ 

<e/4 + e/4 + e/4 + e/4 = e, 
as required. □ 

The following proposition is an elementary exercise in linear algebra. 

Proposition A. 2 Let a: V —> W be a linear map. Then a* a and aa* are 
self-adjoint endomorphisms of V and W with nonnegative eigenvalues. For 
each t > the map a gives an isomorphism of ker(a*a — t) with ker(Q!Q!* — t) , 
so the nonzero eigenvalues of a* a and their multiplicities are the same as those 
of aa* . If f : [0,oo) then a o f [a* a) = f{aa*) o a. □ 

Definition A. 3 We write w{V) = {a £ End(y) \ a* = a} (the space of 
self-adjoint endomorphisms of V). If a G w{V) then the eigenvalues of a are 
real, so we can list them in descending order, repeated according to multiplicity. 
We write efc(a) for the fc'th element in this list, so ei(a) > ... > e„(a) and 
det(i -a) = Hfel* - efc(a)). 

We will need the following standard result: 

Proposition A.4 The functions : w{V) — > M are continuous. 

Proof Let 7 be a simple closed curve in C and let m be an integer. Let U 
be the set of endomorphisms of V that have precisely m eigenvalues (counted 
according to multiplicity) inside 7, and no eigenvalues on 7. A standard argu- 
ment with Rouche's theorem shows that U is open in End(F) . 

Given real numbers r < R, consider the rectangular contour jr,R with corners 
at r lb i and Rziz i. Clearly efc(a) > r iff a has at least k eigenvalues inside 
jr,R for some R. It follows that {a | efe(a) > r} is open, as is {a \ efc(a) < r} 
by a similar argument. This implies that is continuous. □ 
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